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Abstract— By increasing of urban population, the require to
use vehicles has increased dramatically. Thus in large cities
the importance of urban traffic control has greatly increased.
In this paper mixed logical dynamical (MLD) model is used to
model urban traffic control. Then predictive control approach
based on MIQP optimization is used to control this MLD
model. Simulation results in MATLAB software shows that
MLD modeling with constrained predictive control strategy
can effectively improve urban traffic control.

Keywords— urban traffic control, mixed logical dynamical
model, predictive control.

I. Introduction
By increasing trend of urbanization and use of private cars and
also lack of transport infrastructure in urban areas, the time
required to interurban trips has increased. This leads to the fact
that people spend a lot of time in crowded streets and the queue
length of cars in streets increase which turns to increasing fuel
consumption. All these factors have caused urban air pollution,
noise pollution and waste of time in the streets. To obviate this
problem generally two approaches can be discussed:
o Developing urban transport infrastructure.
e Improving urban transport infrastructure.

In the first approach, development is critical but it should be
noted that in heavily populated urban areas such as city centers,
this approach is very expensive and difficult to implement. So
the best approach to solve this problem is the effective use of
the existing infrastructure, by improving the use of
infrastructure (improved the way of using urban roads) to
improve the quality of traffic flow.

Urban traffic system is a type of hybrid systems. In traffic
control system there are continuous variables like density,
queue length, velocity average and logical variables like lights
switching. Conventional hydrodynamic models such as traffic
wave model, vehicle-following model, lane changing model are
based on analysis of traffic density characteristic which hardly
can consider relation between continuous and logical variables
in control of urban traffic network.

Methods of hybrid systems modeling divided into two groups,
namely extended discrete event dynamic system modeling
approach and extended continuous variable dynamic system
modeling approach. Most researchers use petri nets or hybrid
automata to control the intersection traffic signal [1-6]. It is
based on extended discrete event dynamic system modeling
method. This method needs to accurate design and analysis of
the intersection phase switching. So in this method it is difficult
for controller to consider relationship between discrete
variables and continuous variables very well. In this paper,

extended continuous variable dynamic system modeling
approach is considered. The hybrid systems modeling based
on this approach include MLD model. MLD model can
consider relationship between discrete variables and
continuous variables very well [7]. Predictive control
method can stable MLD systems on reference paths [8]. In
this paper MLD model for urban traffic network with five
intersection is improved. Then proposed model is validate in
MATLAB software to shows the effectiveness of MLD
modeling with predictive control for urban traffic network.

I1. Urban Traffic Network Modeling
In this paper, MLD systems are used for intersection signal
control modelling in urban traffic networks.

A. Mixed Logical Dynamical Model

MLD systems are a class of the hybrid systems which are
combination of logical components, dynamic and
constraints. MLD model can be expressed as the following
linear relationship [8]:

x(k+1)=Ax(k)+Bu(k)+B,5(k)+B,z(k)
y(k)=Cx(k)+Du(k)+D,5(k)+D,z(k) 1)
Ex(k)+Eu(k)+Es(k)+E,z(k)<E,

Wherein, A, By, By, B3, C, Dy, D,, D3, Ey, E, E3, E4 and Es
are matrixes with appropriate dimensions, x is the state
variables vector, y is the output variables vector, u is the
control variables vector, & is the auxiliary logic variables
vector and z is the auxiliary continuous variables vector. In
this relationship, first equation is the state equation, second
equation is the output equation and third equation is the
inequality constraints which contains both the system state
and the input output constraints. X, y and u has continuous
parts and logic parts that shown in equation (2) [8]:
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B. MLD Modeling of Urban Traffic Network
Queue length model for one-lane road shown in equation (3)

[9]:
N, +N, (t)-N, (t)-K, L
L (n="e NN ©

j m

Wherein Ny is the number of vehicles in the road at initial
moment of time t=0, L is the length of road, N(t) is the number
of vehicles accumulated in input of the road until time t, N4(t) is
the number of vehicles accumulated in output of the road until
time t, K is the average blocking density of each lane of road,
K is the average optimum density of each lane of road, L4(t) is
the average queue length in each lane of the road at time t.
Queue length model for M-lane road shown in equation (4) [9].

NG YN, (1,1 = DN (i 1) - MK L
Ld(t)_ M(K]-—Km)

(4)

Wherein Ng is the number of vehicles in the road at initial
moment of time t=0, L is the length of road, Ny(it) is the
number of vehicles accumulated in input of the i-th road lane
until time t, Ny(i,t) is the number of vehicles accumulated in
output of the i-th road lane until time t, K; is the average
blocking density of each lane of road, K is the average
optimum density of each lane of road, M is the number of road
lanes, Ly(t) is the average queue length in each lane of the road
at time t. mixed logical dynamical model of the average queue
length in each lane of road with M lane is shown in equation (5)
[10].
Ly(k+1)=L,(k)+ LE ( Mmv)

d d M(KJ-—Km) qln (5)

Wherein m is the export discharge saturation flow rate at each
lane of road, T, is the sample rate, Q;, is a road entrance flow

rate in terms of the number of cars at hour and v is a logic
variable (v=0 stands for red light and v=1 stands for green
light) [10].

Network of urban traffic with five four-phase intersection is
shown in Fig. 1.

In four-phase case in each intersection, each light is for straight
movement and turn-left and turn-right movement for example

in intersection U2, light V,, is for straight movement from

intersection U3 to U4, turn-left movement from intersection U3
to Ul and turn right movement from intersection U3 to U5.
This intersections consist of four phase as follows:

el
5
e}
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Fig. 1: Urban traffic network with five four-phase intersection.
e Light V,, isgreen and the other lights are red.
e Light V,, is green and the other lights are red.

e Light V,, is green and the other lights are red.
e Light V,, is green and the other lights are red.

Averaged queue length equations for each lane of roads
leading to intersection U1 are shown in equation (6).

Lz (Ko2) = Ly (K) (05 (K) ~ gz ()
11 =Lln ll(Kj].’I._Km:L’L) O11 Uout11

T
Lip (k+1) =Ly, (k) + :

(912 (K) = dour12 (K))
Mlz(Kj12_Km12) . "

(6)

Lis (k+1) = Lyg(k)+ s

(A3 (K) = Agyt13(K))
M13<Kj13_Km13) . "

Lyg (k+1)=Lys (k) + s (914 (K) = doyia (k)
My, (Kj14 - Km14>

GQoutz1 (K) = My xmyy x vy (K)

Goutzz (K) = Myp xmyp x vy, (K) @)

Uoutz (K) = Mgz xmy3 x Vi3 (k)

Uoutra (K) = Mg xmyy x vy, (K)

Wherein T, is sampling time, L is averaged queue length in
each lane of road, M is number of road lanes, g is road
entrance flow rate, go is road output flow rate, K; is the
average blocking density of each lane of road, K, is the
average optimum density of each lane of road and m is the
export discharge saturation flow rate at each lane of road.
Parameter indexing in equations (6) and (7), according to
number of queue length in Fig. 1 is considered. Averaged
queue length equations for each lane of roads leading to
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intersections U2, U3, U4 and U5 would be achieve in a same
way. So the average queue length state space equations for
urban traffic network is shown in equation (8).

x(k+1)=Ax(k)+Bu(k)+E 8)

Wherein A, B and E are matrixes with appropriate dimensions.
x and u are state vector and control signal respectively.

L31 L32 L33 L34
L41 I‘42 L43 I‘44 L51 L52 L53 L54]T
V.

©)

U=[Vyy Vip Vig Vig Vo Vop Vi Vi Vg Vap Vg Vay
V,, Ve, V,

"
42 Va3 Vag Veq Vs Va3 Vsl

In urban traffic network which shown in Fig. 1 input flow rates

Opo Qu10 Opp0 Qogs Oog s Osgs Ogq. Os, are related to output
flow rates from surrounding intersection based on equation
(10).

trz (k) = B1,, 1 x My xv21(k)+[3|221d x Mgy x Vop () + By, p x Mg x vp3(k)
Az (k) = Bl d Mgy X Vay (k)+BI34,I xhgy x Vg (k) + By p xmgp x v (k)
Az (k) = Bl 1 X M5y X Vey (k)*'ﬁlsz,d x Mgy X Vg (k) + B x mgg x Vg (k)
Az (k) =P,,,r xmay X"44(k)+5|43,d X Mgy XV (K) + By, | X Mgz x Vo (k)
Aq (K) =By, r xmyg xvag (K)+ By, g xmyg X vig (k) + By | xmygx vyg(k)
Aaz (K) =B, r xmg x Vaq (k) + By, d X Moz X Vo3(K) + By, | XMy x Vap (K)

Aay (K) = B1,,,r XMy X V2o (k)+ﬁln,d x Mgy X Vor (k) + By | x Moy xVay (k)

Usg (K) = Br,, r Moy xVoy (K)+By,, g X Mag x Vaq (K)+ By | % Mg x Vg (K)

Wherein [ is relative percentage which is determined from

past data, ﬂ,m,, determine relative percentage of cars in Ly

queue which intend to turn left to intersection U1, IB|21,d
determine relative percentage of cars in L,; queue which intend
to move straight to intersection U4 and ﬂ,m determine

relative percentage of cars in Ly queue which intend to turn
right to intersection U5.

For intersection with four phases based on MLD modeling, two
modes for MPC controller can be considered. First,
optimization problem in predictive control is not constrained to
observe a specific phase sequence and second, the controller is
constrained to observe a specific phase sequence to green the
lights, for example in one cycle for intersection Ul lights

should be green with phase sequence V,;, V;,, V;3 and V;,. In

first mode, controller determine phase sequence and green time
of lights but in second mode controller constrained to consider
a specific sequence and only green time of lights would be
determine by controller. In both mentioned mode at any time in
each intersection just one light most be green, so following
constraints must be considered:

(10)

Vi1 (K) + Vi, (K) + vi5(K) + v, (K) =1
Vi (K) + Vo, (K) + V5 (K) + Vo (k) =1
Va1 (K) + V3, (K) + Vg (K) + Vg, (k) =1 (11)
V41 (K) + Vo (K) + Vg5 (K) + vy, (k) =1
Ve, (K) + Ve, (K) + Vg (K) + Vg, (K) =1

In MLD modeling constraints should be expressed as linear
inequalities, so equations (11) reformulated to linear
inequalities (12).

Vi1 (K) + Vi (K) + V5 (K) + v, (K) <1
=V (K) = Vi, (K) = Vg (K) = vy, (K) < -1
Vo1 (K) +Vp (K) + V5 (K) + V5, (K) <1
=V, (K) =V (K) = Vi (K) =V (K) < -1
Va1 (K) + Vg, (K) + Va3 (K) + V5, (K) <1
Vg (K) = V35 (K) = V35 (K) =V (K) < -1
V1 (K) + V45 (K) + V45 (K) + vy, (K) <1
=V (K) =V (K) = V5 (K) = vy (k) < -1
Vg1 (K) + Vs, (K) + Va3 (K) + V5, (K) <1
_V51(k) — Vs, (k) — Vg3 (k) —Vgy (k) <-1

(12)

In second mode, controller must consider specific sequence
to green lights. So for considering phase sequence V,,, V,,

V,; and V,, in intersection U1 following conditions must be
established. If in previous moment light V,, was green, now

light v;, or V,, must be green and lights Vv;; and Vv,
shouldn’t be green, i.e.
if vi,(k-1)=1 A v,(k)=0 = v,(k)=1 (13)

Logic relation (13) is proportional with logic relation (14):
vy, (K-)@A-v, (k) = v, (k) (14)

Logic relation (14) can be expressed as inequality (15):
Vn(k_l)(l_vn(k))_vlz(k)g0 (15)
In order to observe phase sequence V;,, V;,, V;3 and V,, in

intersection U1, the following constraints should exert to
controller.

(16)

Also for considering phase sequenceV,;, V,,, V,; and V,,
in intersection U2, phase sequence Vj,, V3, , Va3 and Vg, in

intersection U3, phase sequence V,;, V,,, V4,3 and V,, in
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intersection U4 and phase sequence Vg, , Vi, , Vg, and Vs, in constrained phase sequence and arbitrary phase sequence are

shown in Fig. 2 to Fig. 5.
Lights signals of intersection U2 for constrained phase
sequence and arbitrary phase sequence are shown in Fig. 6

intersection U5, constraints in form of inequalities (16) with
appropriate index should exert to controller.

C. Predictive Control of Urban Traffic Network and Fig7.
MPC controller can stabilize MLD systems on a desired * 40
reference paths while operating constraints are met. For MPC — 40 %
controller consider following cost function: § § 20
- Np-1 , , 20 a o
J(uop ,xo): > Ju(t)-u, o +[x (t)—x; ||Qz (17)
t=0 oO 100 200 300 400 500 OO 100 200 300 400 500
time(s) time(s)
Where in N, is prediction horizon, Q; and Q, are appropriate 60 60
weight matrixes for control signal and state variables
respectively, x; and u; are desired states and desired control % %
signal respectively. From equation (8), for time-invariant 3 3 0
systems we have the solution formula
=1 0 0
— t 1 1 — 0 100 200 300 400 500 0 100 200 300 400 500
x(t)=A x(O)+§A (Bu(t-i-1)+E) (18) et (e
Fig. 2: The average queue length in each lane of the roads leading
By plugging equation (18) into cost function (17), the cost to intersection U1 with arbitrary sequence.
function is obtained in terms of control signal u. With
simplification, cost function of the form (19) can be obtained. 60 &
\]ZUTHU+FTU (19) —~ 40 —~ 40
E E
N 2 S 20

The matrices H and F are obtained after simplification. By
minimizing the cost function (19) in the presence of constraints

that are posed, optimal control sequence U will be obtained. % 100 200 (330 w00 s0 ‘o 100 20 (éf;o 400 500
1me(s ime(s
U(O) 60 60
Uu=| (20)
—~ 40 ~—~ 40
u(N, 1) E g
S 2 3 20
According to the receding horizon philosophy, set LY T TTEVY a2 .
— 0 100 200 300 400 500 0 100 200 300 400 500
u(t) =u(0) (21) time(s) time(s)

Fig. 3: The average queue length in each lane of the roads leading

Disregard the subsequent optimal inputs u(),...,u(N 1), and to intersection U2 with arbitrary sequence.

repeat the whole optimization procedure at time t+1. 60 60
I11. Results and Tables E® E®
Results for urban traffic network which is shown in Fig. 1 with 3 % I %
features such as all roads leading to intersections have three
lanes, the export discharge saturation flow rate at each lane of 0 150 200 300 400 80 o 100 200 300 400 500
road is 2400 vehicles per hour, relative percentage of vehicles time(s) time(s)
in roads that intent to straight movement is 0.6, relative 2 60

percentage of wvehicles in roads that intent to left-turn
movement is 0.3, relative percentage of vehicles in roads that
intent to right-turn movement is 0.1, the average of a lane

L13(m)
S

L14(m)

5 B

blocking density in all roads is 200 vehicles per kilometer and 10
the average of a lane optimum density in all roads is 50 0 0

. . 0 100 200 300 400 500 0 100 200 300 400 500
vehicles per kilometer. time(s) time(s)

Input flow rates Gy, Gz, CGhyr O30 G20 Ossr Qoo Qs Fig. 4: The average queue length in each lane of the roads leading

. to intersection U1 with regular sequence.
O4s» Q51 Ospand Qs are considered 2000 cars per hour. 9 q

Averaged queue length in each lane of roads leading to
intersection U1 and U2 in network which is shown in Fig. 1 for
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Fig. 6: Light signals for intersection U2 with arbitrary sequence.

Va1

V23

Fig. 7: Light signals for intersection U2 with regular sequence.
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From Fig. 2 to Fig. 5, it can be observe that averaged queue
length in each lane of roads, in mode without constraints on
phase sequence is less than mode with constraints. The
reason is more freedom of controller in without constraints
mode. In without constraint mode, controller is capable to
present less queue length by choosing appropriate phase
sequence and green light time.

IV. Conclusion

Urban traffic system is a type of hybrid systems. In this
paper MLD modeling approach with constrained predictive
control strategy based on MIQP optimization for urban
traffic network is presented. Two mode, constrained phase
sequence and arbitrary phase sequence, for green lights are
investigated. Simulation results shows MLD approach can
effectively modeling urban traffic network and constrained
predictive controller can efficiently control corresponding
system.
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