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Abstract
In this paper, using compatibility conditions of Thomas,

growth and decay behavior of sonic waves in non-ideal gases
are discussed. Effect of curvature and non-ideal gas parameter
on growth and decay behavior of waves are discussed and is
concluded that in case of non-ideal gas critical times for shock
formation increases.
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Introduction

The assumption that the medium is an ideal gas is no more valid
when the flow takes place in extreme conditions. Anisimov and
Spiner ' studied a problem of point explosion in low density non-
ideal gas by taking the equation of state in a simplified from
which describes the behavior of medium satisfactorily. Robert
and Wu® have studied the gas that obeys a simplified Vander
Waal’s equation of state.

Vishwakarama, Chaube and Patel®® have investigated the one
dimensional unsteady self-similar flow behind a strong shock,
driven out by a cylindrical or spherical piston in a medium
which is assumed to be non-ideal and which obey the simplified
Vander Waal’s equation of state as considered by Robert and
Wu? However they have assumed that the piston is moving with
time according to law given by Steiner and Hirschler®,
Madhumita and Sharma® have considered the model equation for
a low density gas, which describes the behavior of the medium
satisfactorily for implosion problems where the temperature
attained by the gas motion in the strong shock limit is very high.
Thomas®® has considered the growth and decay of sonic
discontinuities in ideal gases. Applying compatibility conditions
given by the Thomas* several investigators®®'%'*? have
obtained growth and decay of sonic waves in Radiating,
Relaxing, Magnetogasdynamics and dusty gases for moderate
particle loading.

All above investigators>®”® have considered the case of strong
shocks and have not investigated the problem of weak
discontinuities in non-ideal gases. The aim of present paper is to
discuss the growth and decay of sonic discontinuities in non-
ideal gases, it is concluded that compressive wave terminates
into a shock wave (fig.2) and for low density case critical time
of shock formation increases. Figure 1 shows that there is a
decay for the case of expansion waves. For negligible
parameter b < 1, waves behave in a manner similar to ideal
gas.

Basic Equations

Equations governing the unsteady motion of non-ideal gas when
dissipative effects are neglected are given by®

o+ pug; +ugp; =0 1)
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where g, p.u; are density, pressure, components of fluid velocity
and a comma followed by an index implies partial derivative
with respect to that index and E is the total energy density given
by E =pe+-uip

(4)

where g is internal energy given by
(v—H

e=0C,T= np, T being temperature.
(¥r=
Followmg Robert and Wu we consider the equation of states as
p=f-=—t v=1 (5)
1-bp v-6’ il

R universal gas constant, & being the internal volume of the gas
molecules, which is known in term of the molecular interaction
potential in high temperature gases and ¥ being ratio of specific
heat.

With help of equation of state, equations (2) and equation (3)
reduces to

PRT ; AT — 0
puy + puju; + 1-bp + PEESEL ©)
and
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()
where second and higher powers of bg are neglected. Taking
jump in equation (), (6) and (7) and using geometrical and
Kinematical compatibility conditions given by Thomas", we
have

Fluy, — Gl +pd;m=0 (8)
Apun;
pa i, — '5] +o - frrs e in; =0 ©)
—RpGu _11 -I-.D'ui,.G':l—EJD:] — p(1 — bpluu;dm; +
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(10)

Where

du;
PISY S P ~61; =[]

ap
u=[r]n ~6t =[F]

aT
£=[o,]n ~6u =[5]

and [ ] denotes the jump in the quantities enclosed.
If 4 = 4;m; from equation (8) to (10) we have

_ p
a— (11)
and

F= (1-bplRpR (12)
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From equation (11) and (12) we have
{1-BplR
ik e s (13)

e lwg—512(1—bpl2-gT
Applying relation (13) into equation (9) and equation (10) and
after certain manipulation we have

P [(6 — up)? — s = 0]

[1-Bpl2
as p= 0, 4 =0, we have
2 _ _¥FAT _ 2
G —u,)* = ParmEia (14)
we have

If medium ahead of () is uniform and at rest, «; vanishes on
¥t} and for this case, thus

G2 =gt (15)
Consequently relation (13) reduce to

_pl _ (-bplRpu
§= 6 62(1-bp)?-RT (16)

Growth and Decay Equations

Differentiating equation (), (6) and (7) with respect to x and
taking jump across £(t} and using second order compatibility
conditions of Thomas** and fact that u; = 0 on Z(t)} we have

"—" =GE+ 2pA0 — pdim; — 284, (17)
ﬂ .z _Rpom RE ATE _
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where
£= [.'D_I:j']ﬂl:ﬂ_[i p= [rl:j']ﬂl:ﬂ_.'7
ﬂ_[ = [ull_i';i] 'J‘l_i'ﬂ;l-, ﬂ[ﬂ[ —2A0 = ['L[u_i'], (20)

0 being mean curvature of L(t).

& time derivative of equation (13) will given by

8 pél "‘"-"ﬁd

It = 5 A = [62r1-bpy2-RTY (21)
Applying equation (21) in equation (17) to (19) and after certain
manipulation and taking into consideration that square and
higher power of bg are negligible, we have

- - B pi* vRpdp (1+2bp)
GE— pdm; = 248 + _fbp ———pAl —— ——— —
RTY*h  yATIBp

16 252

(22)
Wlth help of equation (17) and (22), we have

a=iln-2)-#()e- (-9 @

Equatlon (23) is the fundamental differential equation for the
variation of £ along the normal trajectories of family of sonic
surface Z(t) and governs the growth and decay of sonic
discontinuities in non-ideal gas. In similar way fundamental
equation for variation of 4 and u along the normal trajectories of
family of sonic surface %(t) can be obtained.

Let £(z,) represent the sonic wave surface at time t, and let &
represents the distance measured from Z(t;} along the normal
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trajectories to family of surface E(t) in the direction of
propagation then

g =60 —t,)

and scalar function 4. and u can be regarded as function of &
hence, we have

SA_pad 85 _ .af S _ oan

8 de' &t Gds and Bt G de (24)

Wlth help of equation (24) equation (23) reduces to
Zoto-Z) -4 (25)

_yer, bo(RT
Where A= - + - (E
discontinuity surface Z(t).

Solution of equation (25) is given by
'Jr — bpo 2 W:-.;u: " (26)

b | B3

) is quantity defined on the

By Lane?
_ Dp-vgw
= 1-2 T +vp
Iy—vpcst

1—‘1_",,r.=r+ Vo rfr*

where 1, = o = k. k; is the

Gaussian curvature of Z(t,) with &, and ; being the principal
curvatures. When k; and k; are both non positive, the wave is
divergent. On the other hand if one or both the principal
curvatures are positive, then it corresponds to the case of a
convergent wave.

For the situation envisaged here, the quantities with subscript 0
appearing in (26) are constants and therefore, it can be integrated
to yield

r.|
=]

—-—

foe 36 (L-2go+uge) 142
= I'I: 0 mu ] , (27)
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where £ isthe value of £ atthe wave frontat £ = 0. If we put
o =Gt = ¢t at t = 0, equation (27) reduce to

bp

Pt T 28)
[wei]
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where I,(t) = (1 —kyept) 2(1—koeit) 7 (29)
and L) =[] Ldr (30)

(1 hifr" [:1 h-fr"

Result and Discussion
Case 1: Diverging waves
Let E_—p} 0 from which Iy converges as t—=ce. If & =0

(expansion wave), then £ — 0'as £ — ¢2 (i.e., the wave decays).
If £, == 0 (compressive wave), there is a critical values £ is
given by

=+ -

r.|

@

A o ¢ IE-
cpel ) i
o || -F'I

dz

J[a—kisy

such that if IEDI = . then £ =0 as t = oo; if || = £, the
wave grows into a shock in a finite time £, given by
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such that

I {t :] = £pd CF

E
If 15,1 = £, then £ — % as t — . j.e. the wave take a stable

, k| and
Ikllor |k | delays

form. The derivatives of £, with respect to ﬂ

|k, | are positive. Therefore an increase in—
the onset of the shock waves.

LetaTﬂ-:: 0, from which }EmI:{t =, If F,=0, then

E
£ — (H] as t— oo, If £, =0, all compressive waves, no
F
matter how small their initial values, always terminate into
shock waves in a finite time £, (i.e. |£] =« as — t. ) given by
cg
Ie gl_Tr
_IL' =T £

J-Ryept) (1-Raept) Affin

Case 2: Equation (26) can be written as
f=—"—— (31)

g™+ Ap( eﬂh—i‘u .
where 5——, b —E, Ay ——A.,f,_,
The equatlon (31) suggested that if Ay is negative the
discontinuity £ grows continuously till it tends to infinity as
o — ELDE{—HlEul }

Bp 24| &g |-Bp
In such a situation the continuity of density across Z{t) will
break down and the consequently the sonic-waves will terminate
into a shock wave after a critical time £ given by
b=ty +—lug{ﬁ} (32)
For typical cases the growth of sonic discontinuity and its
termination into shock wave have been shown in fig (2) and is
concluded that for low density case critical time of shock
formation increases.

Figure I: Variation of & versus # for positive value of Ay
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Figure 2: Variation of & versus 7 for negative value of A,
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