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Abstract : The basic concepts of the theory of intuitionistic
fuzzy topological spaces have been defined by D. Coker and
co-workers. In this paper, we define new notions of
Hausdorffness in the intuitionistic fuzzy sense, and obtain
some new properties “good extension property” is one of
them, in particular on convergence.
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Introduction

The introduction of “intuitionistic fuzzy sets” is due to K.T
Atanassov [1], and this theory has been developed by many
authors [2-4]. In particular D. Coker has defined the
intuitionistic fuzzy topological spaces, and several authors
have studied this category [5-14]. Nevertheless, separation in
intuitionistic fuzzy topological spaces is not studied. Only
there exists a definition due to D. Coker.

Definition: Let X be a non-empty set and 1=[0,1]. A fuzzy set
in X is a function U: X — | which assign to each element
X € X , adegree of membership, u(x) el .

Example:Let X ={a,b,c}and | =[0,1].If
u(a) =0.2,u(b) =0.4,u(c) = 0.5then
{(a,0.2),(b,0.4),(c,0.5)} is a fuzzy set in X.

Definition: Let | =[0,1]. X be a non-empty set and I* be

the collection of all mappings from Xinto I, i. e. the class of
all fuzzy sets in X. A fuzzy topology on X is defined as a
family t of members of I, satisfying the following conditions:

(i)10et (i) if u, et for
eachi € A thenU,;_, U, €t (iii)ifu,, U, €tthen
U, MU, €t.Then the pair (X ,t) s called a fuzzy topological

space (FTS) and the members of t are called t-open (or simply
open) fuzzy sets. A fuzzy set v is called a t-closed (or simply
closed) fuzzy setifl—v et.

Example:

Let X ={a,b,c,d},t ={0,1,u,Vv} where

1={(a1),(b1),(c),(d.D}
0={(a,0),(b,0),(c,0),(d,0)}
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u={(a,0.2),(b,0.5),(c,0.7),(d,0.9)}
v={(a,0.3),(b,0.5),(c,0.8),(d,0.95)} Then (X,t)is a
fuzzy topological space.

Definition: (Atanassov [4]). Let X be a nonempty fixed set.
An intuitionistic fuzzy set (IFS) A is an object having the

form A={<X,,uA(X),;/A (X)> : X € X} where the functions
Uy X —>landy,: X — 1 denote the degree of
membership ( namely £z, (X)) and the degree of non-
membership (namely ¥, (X)) of each elementx € X to the
set A, respectively and 0 < gz, (X) +y,(X) <1 for each
xe X.

Definition: Let X be a nonempty set and 7 be a family of
intuitionistic fuzzy sets in X. Then 7 is called an intuitionistic
fuzzy topology on X if it satisfy the following

conditions: (1)0,1 e 7
(i)G, NG, et forany G,,G, e,

(iii) UG, € for any arbitrary family{G, :ie€J}c 7 .In
this case the pair (X,7) is called an intuitionistic fuzzy

topological space (IFTS) and any IFS in 7 is known as an
intuitionistic fuzzy open set (IFOS) in X .

Definition: An IFTS (X,7) is called Hausdorff iff
X, X, € X and X, # X, imply that there
existG, = <X, ﬂel’7/el>’Gz = <X,yG2 ’702> € 7 with

Hg, (x) =1, Ve, (x)=0 Ha, (%) =1, Ve, (x,)=0 and
G, NG,=0.

Definition: An IFTS (X,7) is called (a)T, (i) if for all
X, X, € X X # X, imply that there exist open sets
G, :<X,,Lz(31,7/61>,G2 :<X,,uGz,7/Gz>er such
that £4g, (%) =1, Ve, (%)=0 Ha, (%) =1, Ve, (X,)=0
and G, "G, =0.
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LI5%) o — T, (ii)) if for all X, X, € X with X, # X, imply that

there exist open sets
G, = <X'ﬂel’7el >,G2 = <X, U, ’7Gz> e7r such that
Hg, (X)) =1, Ve, (x)=0 Mg, (X;) =1, Ve, (X,)=0 and
G, NG, <«.

(c) a =T, (iii) if forall X;,X, € X , X, #X,

exists G, = <Xu“e1 17, >’Gz = <X, Mg, Vs, > € Tsuch that
Hg, (%) > a, Hg, (X,)>a and G, G, =0.

(d) o —=T,(iv) ifforall X;,X, € X, X, # X,

imply that there exist

G, = <X’:UG1’701 >,62 = <X, U, ,7/Gz> € T such that

He, (X)) >, pg (X,) >a and G, NG, <a.

Theorem: If (X, T) be fuzzy topological space and (X, 7) be
corresponding intuitionistic fuzzy topological space(IFTS)
then (X,T) is a-T,(J)=(X,7) is a-T,(]) for
J =1, ii,iii,iv.

But the converse is not true.

Proof: First suppose that (X,T) is a fuzzy a —T,(ii) space.
Let X;,X, € X with X; #X,. Since (X,T) is fuzzy
o —T, (i) space,for someax € I, VX, X, € X with
X, # X, ,3u,veT such
thatu(x,) =1=V(X,)andu NV < ¢ .This implies that if

for all X;,X, € X , X; # X,imply that there exist open sets

G, = <X',UG1’7(;1 >,G2 = <X, U, ,7/G2> er such that
Hg, (Xl) =1 Ve, (Xl) =0 He, (Xz) =1 Ve, (Xz) =0 and
G, NG, < o Hence we have (X,7) is & —T,(ii) space.
Similarly, one can see that (X,T) is a—T,(1) = (X,7)
isa—T,(i).(X,T) is a—T,(iiil) = (X,7)
isa — T, (iii).

XTis a—T,(iv) = (X,7) isa—T,(iv).

Example: Let X ={X;,X,}and (X,T) be the fuzzy topology

on X generated
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by{u,v}uw{constants} where

u(x,) =1 u(x,) =0,v(x,) =0,v(X,) =1.Again let 7 be
the indiscreat topology on X.Then for every « € |, the IFTS
(X,7) is @ —T,(]). But the fuzzy topological space (X,T)
isnot @ —T,(]) for J =i,ii,iii,iv.

Remarks: Let (X,T) be the fuzzy topological space and
(X,7) be its corresponding IFTS. Then (X,7)is
a—T,(j)does not imply (X,T) is a—T,(]) for

J =1, 1i,1il,iv.For this consider the following example.

Example: Let X ={X, y} and T be the fuzzy topology on X
generated

by{u}u{constants} whereu(x) =1, u(y)=0.
let 7 be the intuitionistic fuzzy topology on X generated
by{G, }{constants}where g (X) =1 (X)=0

Then for every a €l , the IFTS (X,7) is a—T,(]).

Again

But the fuzzy topological space (X,T) is not o —T,(]) for
J =1, ii,iii,iv.
Theorem: Let (X,7) be an IFTS. Then we have the

following implication:

o —T,(ii)

/'
\‘a T, (iii)

Let(X,7)beT, (i) .We
a—T,(i1). Let X, X, € X X, #X,
T, (1),
G, = <X,,uGl,}/G1 >,G2 = <X, U, ,7/Gz> €t such that
Mg, (%) =1y, (x)=0 Ha, (X,) =1y, (x,)=0
and G, NG, =0. We see that that

™~

T, (i) a T,(iv)

Proof: prove  that(X,7)is
. Since (X,7) is

there exist open sets

te, (%) > a, pig (X,) >, and G, NG, < for every

a € |, Hence it is clear that (X,7) is o —T,(ii) and also

a—T,(iii).

Further one can easily verify that
a—T,(il) = a-T,(iv)
a—=T,(iill) = a-T,(iv)
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ISEXI) = o - T, (iii)

Now we give some examples to show that none of the reverse
implications are true in general.

Example(a): Let X ={X,X,} andG,,G, e (I x1)*
where G,,G, are defined by x5 (X,) =0.7,75 (X;) =0
and Hg, (X,) =0,7g, (x,)=0.8.
intuitionistic

Consider the
fuzzy X generated by
{G,,G,}{constants}. Fora=0.4, it is clear that

(X,7) is a-T,(iii) but (X,7) is neither o —T,(ii)
nor T, (i) .

topology 7 on

Example (b): Let X ={X,,X,} and G,,G, e (I x1)*
where G;,G, are defined by 5 (%) =176 (%)=0
and 4 (X,) =0,y (X;) =1. Consider the intuitionistic

fuzzy topology T on X generated by

{G,,G,}{constants}. For a=0.5, it is clear that
(X,7) is a—T,(il) but (X,7) is neither o —T,(iil)
nor T,(i) .

Examplec): Let X ={X,X,} and G, G, e (I x1)*
where G,,G, are defined by 5 (%) =0.8,7¢ (%) =0
and g (X,) =0.57¢ (x,)=0.3.
intuitionistic fuzzy topology 7
{G,,G,}{constants}. For a=0.4, it is clear that
(X,7) is a—T,(iv) but (X,7) is neither o —T,(ii)
nor o —T, (iii)

Consider the

on X generated by

Theorem: If (X,7) isIFTSand 0< < <1 then
(@) a—T,(ii) = B—T, (i)

) BT, (i) = o — T, (i)

(© 0—T,(iii) = 0—T, (iv)

Proof: Let (X,7) be o —T,(ii). We prove that (X,7) is
P-T,(11). since (X,z) is a—T,(»i), if for all
X, X, € X, X, #X, imply that there exist open sets
G, =<X,,uGl,)/Gl>,G2 =<X,uGz ’7/Gz> €7 such that

Mg, (X,) =1y (x)=0 He, (X,) :117(32()(2) =0
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and G NG, <a. This implies that
Mg, (Xl):]-v?’e1 (x)=0 Hag, (X,) 2117(32()(2):0
and G, NG, < B as 0<a < f <1. Hence it is clear that

(X,7)is B—T,(ii).

Example: Let X ={x,,X,} and G,,G, € (I x 1)* where
G,,G, are defined by 15 (%) =1y (%)=0 and
te, (X3) =176, (X,) =0. Consider the intuitionistic
fuzzy topology 7on X generated by
{G,,G,}{constants}. For ¢=0.5,=038, it is
clear that (X,z) is S-T,(i) but (X,7) is not
a—T,(ii). easily verify  that
L-T,(>i) = a—T,(iii)and 0-T,(ili)) = 0—-T,(iv)

are true.

Further one can

This completes the proof.
‘Good extension’ property

Now we discuss about the “good extension” property of
T,(j) forj=i,iiiii, iv.
Definition: Let f be a real valued function on a topological

space. If {X: f(X) > a} is open for every real a, then f is
called lower semi continuous function.

Definition: Let X be a non-empty set and t be a topology on
X. Let 7=o(t)be the set of all lower semi continuous

function (Isc) from (X, t) to (I x 1) (with usual topology).
Thus

o(t) ={G e (I x1)" : [ (1,75 [0,@)]}where
U X >,y : X =1 for each ael;. It can be
shown that @(t) is a intuitionistic fuzzy topology on X.

Let P be the property of a topological space (X, t) and FP be
its intuitionistic fuzzy topological analogue. Then FP is called
a “good extension” of P “ iff the statement (X, t) has P iff
(X,a)(t)) has FP” holds good for every topological space
(X t).

Theorem: Let (X, t) be a IFTS. Consider the following
statements:

(1). (X, ty be T, (i) space.

2). (X,(t)) be T, (i) space.
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'Jséj‘", (X, @(t)) be & —T,(ii) space.

). (X,o(t)) be o —T,(iii) space.
(5). (X, (t)) be a—T,(iv) space.
Then the following implications are true

Proof: Let the intuitionistic fuzzy topological space (X, t) be
T, (i) . Suppose X;,X, € X with X; # X,. Since (X, t) is

O —

T,(1), there exist
G, = <X, He 1V, >,G2 = <X,,uG2 ,7Gz> et such that
,Uel(xl):lv?’el()ﬁ):o Ha, (Xz):117ez (x,)=0
and G, NG, = 0. But from the definition of the lower semi
continuous  function, there exist 1; 15 € (t) such
ey 0 =Ly 00 =00 L ) =Th
16,6, =0i,els M1l; =0.Henceitis clear that the IFTS
(X, (t)) is T, (i) space.

that1 =0 ,and

Further it can be easily to show that (2) — (4) (2) — (3)
(3) > (5) and (4) — (5) .Hence proved.

Theorem: Let (X, be a IFTS and
1, () ={{ e, (@], 76, [0,)),

(e, (@ M,76,'10,0)):G,,G, <t}

then

@ (X, is a =T, (i) = (X,1,(t)) is T, (i)

() X, t)is a =T, (i) = (X, 1, (1)) is T, (i)

© X tis a—-T,(Iv) < (X, 1)) is T, (i)

The reverse implications in (a) and (b) are not true in general.

Proof: Let the intuitionistic fuzzy topological space (IFTS in
short) (X, t) be a a—T,(il) .We shall prove that the
topological space (X,1,(t)) is T,(i). Since (X, t) is

a—T,(ii), if forall X;,X, € X , X; # X,imply that there
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exist open sets G, = <X,yG1,7/61>,G2 = <X, U, ’702> et
such that te, (%) =L ys (X)) =0
He, (X)) =176, (X,)=0 and G, NG, <a But for

everya €1,

{1, (@275, 10,2)),
(16, (@D, 76, '[0.0)): 61,6, eFe 1, ()

and  also X, € ,uGl_l (1] %, € 1, Y]]  and
,uG;l (] pg, Yall=¢,a G, NG, <a .Hence it
is clear that (X, 1, (t)) is T,(i) . Further , one can easily
verify that

X, v is a—T,(iii) = (X, 1 (t)) is T,(i) and (X, t)is
a-T,(01v) = (X, () is T,() .

Conversely, suppose that (X,I, (t)) is T,(i) .Let
X, X, € X X, # X,.Since (X, 1,(t)) is T,(i)
there,exist

{1, (@75, 10,2)),
(1, (@1, 76, "10,@)):G,, G, ethe 1, (1)

such that

X, € ,uGl*l(a,l] X, € ,uezfl(a,l] and

L, alln e, all=¢. Again since

{1, (@75, T0,2)),
(1, (@1, 76, "'10,@)):G,, G, the 1, (1)

, so we get G, :<X,,L161,7/61>,G2 :<X'ﬂez17ez> et
such that e, (X)) > &, pg, (X,) > aand
He, N (N H, N (el]=¢=

(s, M Mo, Y al]l=¢ie,G,NG,<a. So we see
that (X, t)isa — T, (IV) .

Now we have an example for non-implication.

Example: Let X ={x,,X,} and G,,G, € (I x 1)* where
G,,G, are defined by 4 (%) =0.8,7¢ (%) =0.2 and

e, (X;) =0.1,7¢ (X,) =0.6. Consider the intuitionistic
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