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1. OPERATOR VALUED MEASURABLE FUNCTIONS

The theory of direct integrals of von Neumann algebras will rely heavily on the
notion of an operator valued measurable function. So we will need to establish some
results on Banach and Operator Valued Measurable functions first. Also, many facts
about direct integrals require the use of a measurable cross-section theorem, which
can only be apply to Borel functions. Because of this, we will need to worry about
the case of measurable functions as well as Borel measurable functions.

1.1. Measurable Functions Into Banach Spaces. Before we talk about the
special case of Operator or Hilbert valued measurable functions, it will be helpful to
handle some general facts about Banach valued measurable functions. In particular,
we will need this material, when we discuss measurable functions into the Banach
space of trace class operators. In this section we will need to prove a collection
of technical results, analogous to the classical case before we discuss the theory of
Operator Valued Measurable functions as well as direct integrals. Fortunately, most
results one expects to work out do, but one has to repeat most of the work that
goes into standard measure theory. All this work will pay off, but the results may
seem technical at first and we will have to do a lot of grunt work before getting to
the really interesting material Throughout the entire discussion our measure spaces
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to have a locally compact Hausdorff space topology. We are only really concerned
with standard Borel spaces, so this is not a big assumption.

Definition 1.1.1. Let X be a separable Banach space and p a Radon measure on
a locally compact Hausdorff space Y. A function f: Y — X is py-measurable if the
following two conditions hold:

(iffor all ¢ € X*,y — 6(f(y)) is ji-measurable

(ii) for every compact K C Y, there is y-measurable set E C K such that f(E)
is separable and p(K \ E) = 0.

Note that since a Banach space X has a topology, it makes sense to talk about
Borel sets in X (the sets in the o-algebra generated by open sets), we will can also
talk about weakly Borel sets in X (the sets in the o-algebra generated by weakly
open sets). We can also talk about Borel functions into X. We will need some basic
propositions about measurable and Borel Banach valued functions.

Proposition 1.1.2. Let X be a Banach space and p a Radon measure on a locally
compact Hausdorff space Y. Then

(i) The sum of two p-measurable X-valued functions is p-measurable, also if
A€ Cand f: Y — X is u-measurable, then so if Af. If X is separable, then the
sum of two Borel functions is Borel and Af is Borel for all Borel f: Y — X and
reC.

Let fr: Y — X be a sequence of pu-measurable functions. (i) If f.(x) — g(z)
pointwise almost everywhere, then g is p-measurable.

Assume X is separable.

(i) If f:' Y — X is u-measurable, then so is || f||. If f is Borel, then so is || f]|.

(w) If fn: Y — X are Borel, then the set E of points where f, converges is
a Borel set and defining g(x) = lim,_ o fn(x) when x € E and 0 otherwise, is a
Borel function.

(v) The Borel sets coincide with the weakly Borel sets.

(vi) A function f: Y — X is Borel if and only if for every ¢ € X* we have that
¢ o f is Borel.

Proof. For A C X we will use N.(A) = {zr € X : ||z — y|]| < e, for some y € A} it
is an open set.

(i) Let f,g: Y — X be p-measurable. It is clear that ¢ o (f 4 g) is y-measurable
for all ¢ € X*. Let K C Y be compact. Choose N1, No null such that f(K \
N1),g(K \ N3) are separable, set N = Ny U Na. Then

f+g(K\N) C f(K\Ni)+g(K\Ny)

since the sum of two separable sets is separable we are done. A similar proof works
for A\f, A € C.

Now suppose f, g as above are Borel, and X is separable. Let FF C X be closed,
and let (z,,) be a countable dense sequence in X. Then f(y) + g(y) € F if and
only if for every £ > 0 there exists n, k such that || f(y) — z.|, [lg(y) — k|| < e and
z+y € N(F). Thus

o0

(f+9) " (F) =) U F7H(B(an,€)) N g~ (B(xr,€))

n=1 k,=1,zp+x;ENc (F)

and this is a Borel set.
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(i) The fact that ¢og is y-measurable for all ¢ € X* follows from basic measure
theory. Suppose K C Y is compact, and for each n choose N, null such that
fu (K \ Ny,) is measurable. Let N’ be the set of points where f,, does not converge
to g, then

N=N'U GN"
n=1

is null. We claim that g(K \ N) is separable. Since the closure of a countable union
of separable spaces is separable, it suffices to show that

g(K\N) C [ fu(K\ Ny).

n=1

So let y € K\ N and € > 0. Then since y ¢ N’ we can find k such that

lg(y) — frw)ll <e.

Since y ¢ Ny we have that fi(y) € fr(K \ Ng) CU,—, fn(K \ N,), since € > 0 is
arbitrary, this verifies the claim.

(iii) First note that there is a countable sequence (¢,,) in X* such that ||¢,] =1
and the weak* closed convex hull of the ¢y, is {¢p € X* : ||¢|| < 1}. Indeed, let (zy,)
be a dense sequence in X and, by the Hahn-Banach Theorem, choose ¢,, € X* such
that ||¢n|| = 1 and ¢y (zy) = ||2,]], let C be the weak*-closed convex hull of the ¢,,.
If g € X* ||¢|| =1 and ¢ ¢ C, then, by the Hahn-Banach Theorem, there exists
real numbers o < # and ¥: X* — C weak*-continuous such that

Re(y(dn)) <o < B < Re(y(¢))

for all n. Since ¢ is weak™ continuous there exists © € X such that (¢) = ¢(z).
Thus

Re(on (7)) <a < < Re(o(x))
for all n. Choose x,, — z, then
lznll = &n(@)] = [n (& = 2n))| < [l& = 20, || = 0.
Since ||zp, || — ||z| we have
2]l < o < B < |¢(x)]

and this contradicts the fact that ||¢|| = 1.
So let (¢,,) be as above. Then the Hahn-Banach Theorem implies that

1 @) = sup |¢n(f())]

and this is py-measurable, and if f is Borel the above implies that || f(z)|| is Borel.
(iv) Since X is complete, the set of points where f,, converges is the same as the
set of points where it is Cauchy. Thus

E=\ U N {1 - i@l <1/}

n=1m=1k,I>m

this is a Borel set by (i) if each f,, is Borel. Further if F' C X is closed and z € FE,
then g(x) € F if and only if for all e > 0 fi(x) is at distance at most € from F for
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all large k. Thus

g (F)=E (ﬂ NUN fkl(NE(F))> UEif0c F

n=1m=1k=m

and

g =) U N T (N(F) if 0 ¢ F.
n=1m=1k=m
These are Borel sets, so g is Borel.

(v) Since weakly open sets are open it is clear that the weakly Borel sets are
Borel.

Let ¢, be the sequence in X* constructed as in (iii). For z,y € X, e > 0 note that
the Hahn-Banach Theorem implies that ||z —y|| < € if and only if |¢p(z) — p(y)| < e
for all ¢ € X* with ||¢|| = 1. Since the closed convex hull of the ¢,, are weak* dense
in the unit ball of X* we have that ||z — y|| < ¢ if and only if |p,(x — y)| < e for
all n. Thus

B(z.e) = [y : ol —y)l <<}

so B(xz,¢) is weak*-dense. The seperability (or more appropriately second count-
ability) of X shows that every open set is a countable union of sets of the form
B(z,¢e) and this proves (v).

(vi) If f: Y — X is Borel, then for all ¢ € X* and U C C open we have

(9o /)HU) = fHe (V)
and since ¢~ (U) is open ,we have that f~1(¢~1(U)) is Borel. Conversely, suppose
¢ o f is Borel for all ¢ € X*. As above, let (¢,) be a sequence in X* such that
[¢n]] = 1 and the weak*-closed convex hull of the ¢,, is the norm closed unit ball
of X*. Then as in (v) we have

B(w,e) = ({y: [dulz —y)l < e} = () ¢, (B(9n(2),2))

thus -
FHB,e) = [ £ (¢n ' (B(on(),9)))

as in (v), this shows that f is Borel.
O

Corollary 1.1.3. Let X be a Banach space and ;1 a Radon measure on a locally
compact Hausdorff space Y, let f:' Y — X be p-measurable and ¢: Y — C p-
measurable. Then ¢f is p-measurable. If X is separable and f as above is Borel,
and ¢ as above is Borel, then ¢f is Borel.

Proof. Let us handle the y-measurable case first. Approximating ¢ by simple func-
tions, we may assume that ¢ is a simple function. By the proceeding proposition,
it suffices to show that x g f is p-measurable for all E C Y measurable. Fix E and
f, and let K C'Y be compact, choose F' C K such that u(K \ F) =0 and f(F) is
separable. Then

(xef)(F) € f(F)u {0},
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hence is separable. The equation

¢(xe(@)f(2)) = xp(x)¢(f(2))

shows that ¢ o xgf is measurable whenever ¢ o f is measurable and ¢ € X*. Thus
xef is measurable.

Assume X is seperable, as above all we have to show is that x g f is Borel for all
Borel E C Y. But by the above proposition we know that f is Borel if and only if
¢ o f is Borel for all ¢ € X* (since this is the same as requiring that f is weakly
Borel). As above the equation

po(xef)=xepof

shows that xgf is Borel.
O

Proposition 1.1.4. Let X be a Banach space and p a Radon measure on a o-
compact locally compact Hausdorff space Y. Let f: Y — X. Then f is p-measurable
if and only if for any compact K CY and e > 0, there is a compact C C K such
that f’c is continuous and (K \ C) < e.

If X is separable, then f is p-measurable if and only if there exists a Borel map
g:Y — X, such that g = f almost everywhere.

Proof. Let Y = J,2, K,, with K,, compact.
Suppose the condition about compact sets and €’s holds. If ¢ € X* then for each
n, by assumption, we can find C,, C K, compact, such that

(@Ko \ On) < 5

) f ’ o is continuous.

By Tietze Extension Theorem, we may find h,: Y — C continuous such that
hn = ¢o fon Cy. Let

8

N= UlzeY:hz)#¢o fla)}
lk=n

n

Note that if 2 ¢ N there is an n such that hy(z) = f(x) for all & > n. In particular
we may define g(x) to be the limit of the h,(x) when it exists, and 0 otherwise,
and this will be a Borel function. Further we will have g(z) = ¢ o f(x) off N, so to
show ¢ o f is measurable, it suffices to show that N has measure 0. To do this, it
suffices to show that (N N K,) = 0, for every n. But

(N OK,) = Tim g (K n e ey :h) + f(x)}>

k=m

and for all large k,

1 (Knﬂ U {z €Y : hi(x) ;ﬁf(x)}) < 21/2’“ —0
k=m k=n

as m — OoQ.
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Let K CY be compact, choose C,, C K compact such that u(K \ C,) < 1/2"
and f is continuous on C,, Set E = J;2_; Cy,. Then u(K \ E) = 0 and

S
—

Each f(C,,) is compact, since f is continuous on C,,. Thus f(C,,) is separable, being
compact metric, so f(E) is separable, being a countable union of separable spaces.

Conversely, suppose that f: Y — X is p-measurable and ¢ > 0, K C Y is
compact. Choose E C K such that u(K\ E) =0 and f(E) is separable. Let Xy be
the closed linear span of f(F) and let (z,) be a dense sequence in Xy. The same
proof as in the above proposition shows that g, (z) = || f(x) — z,]| is measurable on
E, and hence on K since u(K \ E) = 0. By measure theory, we can find C,, C K
compact such that (K, \ C) < /2" and g"’cn is continuous. Set C'= (", C,
then C' is compact, and p(K \ C) < ¢, and on C each g,(x) is continuous. If
y € X, then ||f(x) — y|| is a uniform limit of the g, (choose z,, — y), and is thus
continuous. Fix yo € C, by the preceding y — || f(y) — f(vo)|| is continuous on C,
and y — f ’ c(y) is continuous at yo. Thus f ’ o 1s continuous.

Now suppose X is separable. If f is almost everywhere equal to a Borel function,
it is clear that ¢o f is u-measurable for all ¢ € X*, so f is y-measurable. Conversely,
if f is p-measurable hen for each n, by assumption, we can find C,, C K,, compact,

such that
1
(a)u(Ky \ Cn) < on
) f ’ o is continuous.

By Tietze Extension Theorem, we may find h,: Y — X continuous such that
hn = ¢o f on Cp. If we define g(x) to be the limit of h,(z) when it exists and
0 otherwise, then the proceeding proposition shows that g is Borel. The same

argument as above show that g = f almost everywhere, so we are done.
O

We wish to extend analogous facts about simple functions from the the current
situation.

Definition 1.1.5. Let X be a Banach space and p a Radon measure on a o-
compact locally compact Hausdorff space Y. A function f: Y — X is a simple
function if there exist disjoint measurable sets Y7,...,Y, inY and z1,...,2, € X

such that f(y) = Z;—;l XY; (z)x;.

Proposition 1.1.6. Let X be a Banach space and p a Radon measure on a o-
compact locally compact Hausdorff space Y. Let f:' Y — X, if f is p-measurable
function then there exists simple functions (¢n)nen such that f(x) = limy,— 0o limy,— o0 On ()
for almost every x. If f is Borel and X is separable, then we can choose Borel sim-

ple functions (Gmn)mnen such that f(xz) = limy, oo iMoo Pmn(x) for every .
Further, if ||f(z)|| < R for some R > 0, then we may force the ¢y (either Borel

or p-measurable depending upon the case) so that ||pmn(x)|| < R as well.

Proof. Let Y = J;—, K,, with the K,, compact and K,, C K, 1.
We first handle the case when f is continuous, and show that we can choose a
sequence of simple functions which converge to f uniformly on compact sets. By
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compactness, for each n we can find 3:&"), ceey x,(;:b) in f(K,) which are 1/2™ dense.
Let A;") ={yeY:|oy — 3:§")|| < 1/2"}, and define BJ(-") by

7—1
oot ().

=1
Set

dn(@) = Y xpmay”.
j=1

For z € K,, we have that f(z) € BJ(-") by construction and ||¢n(z) — x| < 1/2™.
2

Thus ¢, (x) — f(z) uniformly on K,,. If || f(z)]| < R, then defining y§-") by R—1

(n)
BRI

if ||z,|| > R and setting
Unle) =D Xy
j=1

we see that [|1,(2)| < R and still ¢, (z) — ¢, (x) uniformly on compact sets.
Now suppose f: Y — X is y-measurable. Then we can choose C,, C K,, compact

such that (K, \Cy) < 1/2™ and f ’ ¢ is continuous. By the first step we can choose

a simple function ¢,, which is zero outside C,, and bounded by R if f is such that

[fn(z) = f()|| <1/2"

for z € Cp. Set N = o, U _,, X \ Cy, we see exactly as in 1.1.4 that N has
measure zero, and that ¢,(z) — f(z) for ¢ N.

Now suppose f is Borel and that X is separable. Let (x,) be a countable dense
subset of X. Let

j—1
AW = 7Y(B(xy,1/2m), B = A7V, B = AU\ (U Af”’) .
=1

Then BJ(-") are Borel sets, and if we set
¢mn (-I) = Z XB;") (.I).IJ
j=1

it is easy to see that BJ(-") have the desired properties. If ||f(z)]] < R for every
x, then we replace x,, with a countable dense subset of B(0, R) and run the same
construction. g

For later use, we will also need the generalizations of LP spaces to Banach valued
measurable functions.

Definition 1.1.7. Let X be a separable Banach space and p a Radon measure on
a locally compact Hausdorff space Y. For 1 < p < oo, let LP(Y, X, 1) be the set of
all f: Y — X p-measurable such that

/ 1717 du < o
Y
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We only proved measurability of || f]|, for f measurable, when X is seperable.
This is why we need this assumption. This is how separability will be used in the
proofs below as well. We shall use

1/p
£l = ( / Iflpdu>

for the norm of f in LP(Y, X, ).

Theorem 1.1.8. Let X be a separable Banach space and p a Radon measure on a
locally compact Hausdorff space Y, and 1 < p < co. Then LP(Y, X, 1) is a Banach
space under the norm | f||,. The set of continuous functions from Y to X with
compact support is dense in LP(Y, X, 1) as well as the simple functions from'Y to
X. Further, if fn, — f in LP, then there exists a subsequence f,, of f such that
fnn — f almost everywhere.

Proof. From the standard Minkowski Inequality it follows that LP(Y, X, u) is a
normed space. Suppose f, € LP(Y, X, ) is such that

[eS)
D ally < oo
n=1

A(gl%l)pdu—/ﬂlgnm (

N p
hmlnf/y <;|fn|> du.

By Minkowski’s inequality we know that

N p N p oo P
liminf/ (Zw) dp < (Zmu) < (Zmu) < 0.
Y \n=1 n=1 n=1

These inequalities tell us that

Then

>

N
=1

p
|fn|> du <

D llfa@) < o0

almost everywhere. Since X is complete we have an almost everywhere defined
function f(z) = > 7 | fu(x). By the same inequalities as above

N 0o o p
- npd - npd >~ n -
/YHf > bl d /Y|§Vf| u<<n§V|f |p> 0

as N — oo. This proves completeness of LP(Y, X, ).
We show that the continuous functions with compact support from Y to X are
dense. By the dominated convergence theorem

/ 1f = Fxqeny IP dp = / £ dju— 0
{lIlflI>N}

as N — oo. So we may assume that f is bounded. Again by the dominated
convergence theorem we know that

/||f— IXqi>1/m3 1P dﬂ:/HfX{Hngl/n}Hp dp— 0
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and by Chebyshev {||f|| > 1/n} has finite measure. Thus we may assume that f
is bounded and supported on a set of finite measure. Since Radon measures are
inner regular on all sets of finite measure (see [1] Proposition 7.5), we can find
compact sets K, C {z : f(z) # 0} such that p({z : f(x) # 0} \ K,) — 0. As above
this implies that ||f — xk, f|| — 0, and this we may assume that f is bounded
and compactly supported, let K be the support of f. Let R > 0 be such that
I/l < R, and given £ > 0, choose C C K compact, such that f ’ ¢ 1s continuous, and
w(K \ C) < e. By Tietze Extension Theorem, we may find a compactly supported
g: K — Bx(0, R) which is continuous and such that g’Y = f. Then

Jur=gran= [ 15 =gl du < 2m0e
Y C

since R is fixed and € > 0 is abritrary this shows that the continuous functions with
compact support are dense in LP(Y, X, uu). The case of simple functions is similar, as
above we may assume that Y is compact and that f is bounded by R > 0. Then we
use the proceeding proposition to find ¢,,: ¥ — R simple, such that || f —¢, ||, — 0.

Finally suppose that ||f, — f|l, — 0, by Chebyshev’s inequality for every € > 0

u{llf = full = €}) — 0.

Thus we may choose an increasing sequence of integers {ny} such that

w{|If = fmll > 1/25}) < 1/2F

if m > nyg. Let

N= U {If = fml = 1/2%}
k=1 m=ny
as in Proposition 1.1.4 we have that N is a null set and f,, — f on Y \ N, this
completes the proof. ([

1.2. Measurable Operator Valued Functions. In this section, we will primar-
ily be concerned with measurable functions f: Y — B(H), with H a Hilbert space.
We could use the Banach space structure of B(H) to define measurability of such
a function. But we saw in the preceding section, that we typically have good theo-
rems about measurability of functions when the Banach space we are mapping into
is separable. Since B(H) is not separable in the cases we are primarily concerned
with, we shall use a different notion of measurability. Before introducing it, we
shall note one fact.

Proposition 1.2.1. Let p be a Radon measure on a locally compact Hausdorff
space Y. Let H be a Hilbert space and T:Y — B(H) be such that © — T(x)¢
is p-measurable for all & € H. Then for oll £:'Y — H p-measurable we have
x — T(x)&(x) is p-measuradle. Similarly if H is separable, and T:Y — B(H) is
such that x — T(x)€ is Borel for oll £ € H, then for all Borel £:' Y — H we have
that x — T(x) is Borel.

Proof. By proposition 1.1.6 we may approximate £, pointwise almost everywhere by
a sequence &,: Y — H of simple p-measurable functions. Since p-measurability is
closed under pointwise almost everywhere limits, we may assume that £ is a simple
function. In this case, our assumption and Proposition 1.1.2 and Corollary 1.1.3
imply that T'(x){ is p-measurable. The proof of the Borel case is the same. d
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Definition 1.2.2. Let x4 be a Radon measure on a locally compact Hausdorff space
Y and H a Hilbert space. We say that T: Y — B(H) is strongly* p-measurable,
if for all £ € H both x — T(x)€ and © — T(x)*¢ are p-measurable. Similarly we
say that T:Y — B(H) is strongly* Borel if for all £ € H, both x — T(x)¢ and
x — T(x)*¢ are Borel.

By the above proposition, strongly* p-measurable maps are closed under point-
wise multiplication as well as pointwise adjoints. The same remark applies to
strongly™ Borel maps, provided that the Hilbert space in question is separable.

The next proposition lists some basic facts about operator valued measurable
maps. As in the Banach case, by a simple function ¢: Y — B(H) we mean a
function of the form Z?Zl x4,T; with A; disjoint measurable sets and T; € B(H),
similarly we define Borel simple functions.

Proposition 1.2.3. Let pu be a Radon measure on a o-compact locally compact
Hausdorff space Y. Let H be a separable Hilbert space and T:Y — B(H).

(i) If T is strongly* p-measurable, then ||T|| is measurable. If T is strongly*
Borel, then ||T|| is Borel.

(i) If T is strongly* p-measurable, then there is a sequence T,,: Y — B(H) of
simple functions such that T,, — T in the strong* topology. That is, T,§ — TE and
Tx¢ — T*¢ for all ¢ € H. If T is Borel, then there are Tp,: Y — B(H) Borel
simple functions such that limy, lim,, Ty, = T in the strong* topology. If | T|| < R
for some R > 0, then in either case we may assume that ||T,|| < R.

(iw) If T,,: Y — B(H) are strongly* Borel, then E = {x : T,,(x) converges in the strong* topology}
is a Borel set, and if we set S(x) = limy, 0o T (x), for x € E and zero for x ¢ E,
then S is strongly* Borel.

(iv) If T,,: Y — B(H) are strongly* p-measurable and T,, — S pointwise almost
everywhere then S is strongly * p-measurable.

Proof. (i) First assume that T is strongly* p-measurable. Let (,) be a dense
sequence in {¢ € H : ||€|| = 1}. By assumption ¢ — T'(z)&, is measurable for all n,
and thus Proposition 1.1.2 implies that || T(x)&, || is measurable. Thus

Il = sup [T ()&n

is measurable. The same proof works for the Borel case.

(i) Let Y = U2, K,, with K,, compact and K,, C K, 41. Let P, be a sequence
of finite rank projections which converge strongly to 1. Set T,, = P,,T P, then T,, is
strongly™ p-measurable. Since P, H P, is finite-dimensional, we may regard 7T,, as a
map from a fintie dimensional Hilbert space to itself. Regarding T}, as a matrix, we
see that we can find ¢, »(z), simple functions with values in B(PnH P,,) such that
¢mn(r) — PoT P, pointwise (by applying the standard result to each matrix entry).
By Egoroff’s Theorem and inner regularity, we can find C,, C K,, compact,m, € N
such that p(Kp \ Cu) < 1/2% and [[ém, n(z) — T(@)]| < 1/2%, 1|67, () — T()]| <
1/2™ on C,, (here we use the uniqueness of a vector space topology on a finite
dimensional space). As before, if

N =

D

Je

k=n

then N has measure zero, and v¢,, = ¢, » converges in the strong* topology to T, .
If | T]| < R, write ¢, = Y2 x ;e S; with A disjoint for fixed j, redefine 1, by

n=1
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replacing S; with RHbS;ﬁ if ||.S;|| > R. Since 9y, ¢}, are uniformly close to T}, T, on
C,, we see that 1, still converges pointwise almost everywhere to T,, in the strong*
topology.

For the Borel case, let P, be as above. As above we can find simple Borel
functions ¢uun: Y — B(p,HP,) which converge pointwise to P,TP, as m — .
Since P,, — 1, this shows that lim,, lim,,, ¢,,,, = T pointwise in the strong*-topology.
If |T] < R, then if we choose a basis for P, H and write P,T P, as a matrix, we
see that all of its entries have absolute valued at most R. Thus, standard measure
theory tells us the we may force ¢,,, to converge uniformly in norm to P,T P, on
K,. Again, writing

Gmn = ZXAg'mn) Sj

with A{"™") disjoint for fixed j, and replacing S; with Rygiy if [|S;|| > R, shows
that we may force ||¢mnl|l < R O

For the next proposition we will investigate how strongly* behave with respect
to measurable maps into trace class-operators. Recall that the set of trace-class
operators are those S € B(H) such that

Te(|S)) = ) _(|Slei, i) < o0
with e; an orthonormal basis of H. We shall use B(H), for the set of trace-class
operators. Recall B(H), is a vector space wit norm ||S|; = Tr(|S]|), and that
B(H). is complete in this norm. Further, B(H), is separable if H is separable.
Finally, recall that B(H) = (B(H),)* under the duality

(T, Sy = Tx(TS)

with T € B(H), S € B(H).,.
(iii) We first establish that F is a Borel set. Let (§,,) be a dense sequence in H.
We claim that

E= (U U N {z: I1Tu@)] < N}) (M : Tu(2)&, To(x)*& converge }.
n=1m=1k=m =1
Indeed if « is in the set on the right hand side, then || T}, (x)]| is bounded and T;, (x)&
converges for all k. Since & are dense, standard arguments show that 7;, converges
in the strong® topology. Conversely, if T,,(x) converges in the strong* topology,
then we have that |7, (x)|| is bounded, by the principal of uniform boundedness.
Also T, ()&, Tk (x)& converges for all I, and so x is in the set on the right hand
side. This shows that E is Borel by Proposition 1.1.2. Once we know that E is
Borel the fact that T is strongly* Borel follows from the definition and Proposition
1.1.2.
(iv) This is obvious from the definition and Proposition 1.1.2.

Corollary 1.2.4. Let Y be a o-compact locally compact Hausdorff space and p a
Radon measure on'Y, and let H be a separable Hilbert space. For anyT:Y — B(H),
strongly* p-measurable, there is a T':' Y — B(H) strongly *-Borel such that T =T’
almost everywhere.

lAgain this uses that ¢,y is uniformly close to P, T Py, on Ky,
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Proof. By the above proposition, we can find T,,: Y — B(H) simple functions such
that T,, — T in the strong® topology almost everywhere. Write

Tn - § XA(")Tnj
- J
J

with Ag-") measurable and T,,; € B(H). Let BJ(-") C Ag-") be Borel and such that
,u(BJ(-") \Ag-")) = 0, (this is possible since Y is g-compact). Let T}, = >, X yo0 Tnj,
and let T'(z) = lim, o T, (x), when the limit exists and zero otherwise. By the

above proposition 77 does is strongly* Borel, and we see that T = T almost
everywhere.

O

Proposition 1.2.5. Let pu be a Radon measure on a o-compact locally compact
Hausdorff space Y. Let H be a separable Hilbert space and T:Y — B(H),S:Y —
B(H)..

(i) If S is p-measurable?, then S* is p-measuarble. Similarly, if S is Borel, then
S* is Borel.

(i) If S is p-measurable, then when regard as a map into B(H) it is strongly*
u-measurable. Similarly, if S is Borel, then regarded as a map into B(H), it is
strongly* Borel.

(#ii) If S is p-measurable, and T is strongly* p-measurable, then ST and TS
are p-measurable as a map into B(H).. Similarly, if S is Borel, and T is strongly*
Borel, then ST and T'S is Borel as a map into B(H ).

Proof. (i) Since B(H), is separable, by the definition of p-measurability and Propo-
sition 1.1.2 (vi) all we have to do is check that that © — Tr(AS(z)*) is p-measurable/Borel
whenever S is and A € B(H). But

Tr(AS(x)*) = Tr(A*S(x))

so this is clear.
(i) By (7), all we have to show is that £ — S(x)¢ is pu-measurable/Borel whenver
S is. But with
(€)= (G
we have that
(S(@)E, 1) = Te((€ @ 7)S())
and thus (S(x)£,n) is p-measurable/Borel for all £, € H. Since H is separable,
this implies that S(x)¢ is p-measurable/Borel whenever S is.

(iii) Since (T'S)* = S*T™*, parts (i) and (i7) tell us we only have to check whether
TS is p-measurable/Borel. Assume first that S is y-measurable and T is strongly*
p-measurable. By Proposition 1.1.6 we can find simple functions S,,: Y — B(H).
such that ||S,(x) — S(z)|l1 — 0 for almost every z. If we can show each T'S,, is
p-measurable we will be done. Since p-measurablility is closed under sums it thus
suffices to show that TA when A € B(H). is fixed, since we already know that
XS is p-measurable for all E C Y measurable by Corollary 1.1.3. Let A € B(H ).,
then we can find ()\,) € I}(N) and orthonormal vectors &,, 7, such that

AC = Z An{Cs &n)in-
n=1

2As a map into the Banach space B(H ).
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Thus oo
T(@) A=) M(T(x)n, @&,
n=1

with the sum converging in the | - ||; norm. So it suffices to show that T'(x)n ® &*
is p-measurable for all 7, £ € H. But, for all B € B(H) we have

Te((T(x)n @ £7)B) = (BT (x)n, §) = (T'(x)n, B*E),
and since T is strongly* pu-measurable, this is a measurable function. Thus T'(z)n®
&* is p-measurable. The proof for the Borel case is the same, we simply express

S = lim,, lim,, Sy, with S,,,, simple and Borel, and repeat the argument.
O

For later use we note the following proposition, which shows that given a Borel
map T:Y — B(H) we have Borel maps Y x B — B(H),Y x B(H), — C, given
by multiplication and evaluation, when B C B(H) is bounded.

Proposition 1.2.6. Let pu be a Radon measure on a o-compact locally compact
Hausdorff space Y. Let H be a separable Hilbert space and T:'Y — B(H) a strongly*
Borel map.

(i) The strong* topology on B(0, R) C B(H) is separable and completely metriz-
able (i.e. there is a complete metric on B(0, R) inducing the strong*-topology).

(i) The map Y x B(0,R) — B(H) given by (z,5) — T(x)S is Borel when
B(0, R) is given the strong* topology.

(i%i) The map Y x B(H). — C given by (z, A) — Tr(T(x)A) is Borel.
Proof. Fix a dense sequence (&,) in the norm closed unit ball of H.

(i) Define

A8 T) =3 oIS~ el + 3 51 (5"~ Tl
n=1 n=1

then d is a metric on B(0, R). We claim that d is complete and gives the strong*-
topology. Suppose Si in B(0, R) is Cauchy with respect to d. Then Sié,, Si&n are
Cauchy for each n. If £ € H and ||£|| = 1 and € > 0 is given, we can find n such
that ||&, — &|| < € and K such that k,1 > K imply

1Sk€n — Si€nll < &, [|Skén — Siénll <e.
Then for k,1 > K we have
HSkf — SlfH < 2Re + HSkfn — Slan < (2R—|— 1.

and thus Si€ is Cauchy for ||€|| = 1. Similarly S;¢ is Cauchy for ||€|| = 1, by scaling
Sk€, Si€ are Cauchy for each £ € H. Thus we can define

¢ = Jim Sie
T¢ = klin;o SRE.
We claim that T' = S*. Indeed, for any £,n € H we have
(S€m) = lim (Sp&,m) = lim (& Spn) = (€, Tm)

thus T'= §*. Standard arguments show that d(Sk, S) — 0, so d is complete.
The argument above also shows that if S; is a net such that d(S;,S) — 0 and
[ISi]| < R, then S; — S in the strong® topology. Conversely suppose [|S;|| < R
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and S; — S in the strong* topology, in particular ||S|| < R. If € > 0 is given, then
choose n such that 27" < e. Then we have

N N
1 1 N N
d(S:,5) < 8Re+ Y ooSibn — Sball + Y 5115760 — 576l
n=1 n=1

since S; — S in the strong™ topology, we have that

lim sup d(S;i,S) < 8Re.

Since € > 0 is arbitrary, this completes the proof of (7).

(ii) By Proposition 1.2.3 we may assume that T is a simple function, and since
strong™ Borel maps form a *-algebra, we may assume that 7'(z) = xa(x)B for some
A CY Borel and B € B(H) with || B|| < R. In this case the map in question is

(z,5) — xa(x)BS.

Since (z,S) — S is strongly*-Borel and (x,S) — xa(z) is Borel it follows that
(z,5) — xa(x)BS is strongly*-Borel, and this completes the proof.

(iii) As in (i7), we may assume that T'(z) = xg(z)B for some F C'Y Borel and
B € B(H). In this case we are considering

(z,5) = Tr(xe(z)BS) = xe(z) Tr(BS)

since S — BS is continuous and x — yg(z) is Borel, it follows that (x,S) —
Tr(xg(x)BS) is Borel, as desired. O

2. DIRECT INTEGRALS OF HILBERT SPACES AND DECOMPOSABLE OPERATORS

2.1. Direct Integrals of Hilbert Spaces. We already know the notion of a direct
sum of Hilbert spaces, in many cases it is useful to use a more continuous version
of this. For this reason we discuss the notion of a measurable field of Hilbert spaces
and direct integrals of Hilbert spaces.

Definition 2.1.1. Let p be a Radon measure on the o-compact locally compact
Hausdorff space Y. A measurable field of Hilbert spaces is a collection {H, : x € Y}
of Hilbert spaces together with a linear subspace S of [] .y Hz, whose elements
are called measurable sections satisfying the following axioms:

(i) If n € [[,cx Hz, then n € S if and only if z — (£{(z),n(x)) is measurable for
all € € S. (ii) There is a sequence (&,(x)) in S such that for almost every x € X,
the closed linear span of &, (z) is H,.

Definition 2.1.2. Let p be a Radon measure on the o-compact locally compact
Hausdorff space Y, and H, a measurable field of Hilbert spaces over Y. We define

the direct integral of H,,denoted ff,a H,du(z) to be the set of all £ € S (modulo

agreeing on measure zero sets) such that [, [|{(x)[|* du(z) < oo. On ff,a H, du(z)
we have the inner product

(€)= /Y (@), (@) o, dulo).

By the same argument as in Theorem 1.1.8, we see that ff,a H, du(z) is a Hilbert
space. Before proceeding to examples we need one Lemma.
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Lemma 2.1.3. Let i be a Radon measure on the o-compact locally compact Haus-
dorff space Y. Let {H, : x € X} be Hilbert spaces and suppose there exists &, €
[L.cx He such that

(i) © — (&n(x), &m(x)) is measurable, for all x € X.

(ii) For almost every x € X, the space Hy is closed linear span of {£,(z) : n € N}.

Then x — dim H, is measurable and there exists n, € erX H.,n € N with the
following properties:

(a) © — (£n (), nm(2)) is measurable for all m,n € N

(0) If n € [lyex He has © — (&n(x),m(x)) measurable for all n € N, then
x — (np(x),n(x)) is measurable for all m.

(¢) (Mn(x), Nm(z)) = Omn for m,n < dim H,

(d) nu(x) =0 for n > dim H,

(e) Hy is the closed linear span of {ny(x): n € N}.

Proof. We construct n,, inductively. Suppose that 71, ..., nr have been constructed
so that (a), (b)(c), (d) are satisfied for ny, ..., nx. Let

k
P(x)§ = Z<§, 1 (@))n; (x)

then ;P (z) is the projection onto the closed linear span of 71 (x), ..., nk(z). Let
Aj =A{z: (1= Pp(x))¢; # 0}

e ()
k=1

Set

G xs, (%)
Me+1(7) = - (1= P(z))g; ().
; 10— P@)& @] g
Then, 11, . .., Mk+1 satisty (a), (b), (¢), (d). Finally the sequence (1, (x)) satsifies (e),
since we are simply appying the Gramm-Schmidt process pointwise. Further we
have that

dim Hy =)~ [lnk ()|
k=1
which proves that dim H, is measurable. O

Corollary 2.1.4. Let p be a Radon measure on the o-compact locally compact
Hausdorff space Y. Let {H, : x € X} be Hilbert spaces. Suppose that (§,)nen in a
sequence in [ [, cx Hy such that x — (§,(x), {m()) is measurable for all n,m € N,
and such that Hy is the closed linear span of {&,(z) : n € N} for almost every .
Let S be the set of all n € [[,cx Haz such that (§,(x),n(x)) is measurable for all
n € N. Then with S as measurable sections we have that Hy is a measurable field
of Hilbert spaces over Y.

Proof. We only have to show that £ € S if and only if z — ({(x), n(z)) is measurable
for all n € S. Let (n,) be a sequence in [[, .y H, satisfying (a) — (e) in the
proceeding proposition. Suppose § € [[,cx Hz has  — ({(z),n(z)) for all n € S.
Then

(@), &(2)) = Y _(E@), mu(@)) {n (@), &)

n=1
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by (a), (b) of the proceeding proposition we have that £ € S. Conversely, suppose
&,neS. Then

(E@), (@) = D (E@), m(®)) (na (@), 1)),
so (a), (b) of the proceeding proposition imply that z — (£(x), n(x)) is measurable.
O

Example 2.1.5. Let X be a Riemann manifold, then 7, X is a measurable field of
Hilbert spaces over X. Indeed, using second countability of X, we can cover X by

open set U, for which there are smooth vector fields {g"), e ((;121 v €1L cv, TaX
which pointwise give an orthonormal basis for T, X. Setting B, = A, \ (U?;ll Uj)

and setting 7;(z) = >_07, xB, (x)ﬁj(") gives measurable sections which satisfy the

proceeding proposition. In this case, one can show that [ ;f T, X du(zx) consists of
all Borel vector fields & € [],.x T X (Borel as a map into 7'X) such that

/ €(@)]? du(x) < oo
Y

Where p is the measure we get from the Riemann metric. We can run the same
construction replacing T, X with k-forms at z, or even L?(T,X) with respect to
measure on 1, X we get from the Riemann metric, similarly we can perform fiber-
wise operations (direct sum,tensor product) provided these give us an inner product
at every point.

Example 2.1.6. Let A be a separable C*-algebra, and let Y be a o-compact locally
compact Hausdorff space. Suppose that ¢: Y — A* is such that x — ¢(x)(a) is
measurable for all @ € A and |¢]| < 1. Let L%(4,¢(x)) be the GNS space for
é(x). If a,, is a dense sequence in A, then using &,(z) = a,, € L?(A, ¢(x)) we see
that L?(A, #(x)) is a measurable field of Hilbert spaces. A similar remark holds
when A is replaced by a von Neumann algebra M and A* with M,, provided M,
is separable.

Example 2.1.7. Let G be a second-countable locally compact group, and and
let Y be a o-compact locally compact Hausdorff space with Radon measure pu.
Suppose (my)yecy are cyclic unitary representations of G on Hy (e.g. m, could be
irreducible) with cyclic vectors &, such that (m,(x)(9)&y, &) is measurable for all
g € G. Using vector fields n,(y) = my(zn)&yn with z, a dense sequence in G, gives
H,, the structure of a measurable field of Hilbert spaces.

Example 2.1.8. Let Y be a o-compact locally compact Hausdorff space with
Radon measure p, and let H be a fixed separable Hilbert space. The constant field
is given by setting H, = H for all € Y. The measurable sections are precisely all
&:Y — H such that ({(y),n) is measurable for all n € H. In this case ff,a Hdu(y)
is just L?(Y, H, ).

This last example is actually the most important, as the following theorem shows.

Theorem 2.1.9. LetY be a o-compact locally compact Hausdorff space with Radon
measure @, and let Hy, be a measurable field of Hilbert spaces over Y. Then there
exists disjoint sets (Yn)nenu{o,cop @ Y such that Yoo U U,y Yy is conull, and
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unitary operators Uy, (y): C" — H,, with y € Y, (using C>* = [*(N) such that
y — xv, WU (y)€(y) is measurable for all & € S. Thus U, induces a unitary
isomorphism between féi H, du(y) and L*(Yy, u, C™).

Proof. Let n,(x) be as in Lemma 2.1.3, by Lemma 2.1.3 we know that n(z) =
dim H, is measurable. Thus we can set ¥;, = {y € Y : dim H, = n}, for y € ¥,,, if
we define

Un(y): C* — H,
by

Un(y) | D ciej | =

Jj=1 J

cjni(y)
1

n n

then U, (y) has the desired properties.
O

Because of the proceeding theorem, when discussing direct integrals we can often
reduce to the case of L?(Y, H, ). Finally, we note one important case of how Direct
Integrals appear naturally.

Theorem 2.1.10. Let Y be a o-compact locally compact Hausdorff space with
Radon measure p, and let w: L=(Y,u) — H be a nondegenerate normalx repre-
sentation on a separable Hilbert space H. Then there is a measurable field H, of
Hilbert spaces such that 7 is unitarily equivalent to the representation p of L (Y, )

on f? H,du(y) given by
p()E() = F(Y)E(y).

Proof. By Zorn’s Lemma and the separability of H there exists a countable set J
and unit vectors (§;);es such that L>°(Y, u)&; L Lo(Y, p)éy if j # k and

PrL=v.we =H.

Since 7 is normal, we can find g; € L'(Y, u) such that

(116526 = [ fosd
Let E; = {z : gj(x) # 0} < and let

n(a) = 3" xe, (@),

Let m; be the restriction of m to L>®(Y, u)§;). Considering the unitary Uf =
fgjl-/ * we see that 7; is unitary equivalent to the representation of L*°(Y, p) on
L*(Ej, 1) given by multiplying by x g, f. Thus 7 is isomorphic to the representation

of L>(Y, ) on
@ L? (Ej’ /L)-
jed
So we will work with this representation instead. Set H, = C™¥) with C* = [*(N),
set Y, = {z : n(z) = n}. We show that 7 is isomorphic to the representation of
L>(Y, p) on
69?zo:1L2 (Yna (Cn(y), :u)
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given by multiply £(y) by f(y)€(y). As the above Hilbert space is

[ e duty
Y

and L™ acts appropriately on this space this will complete the proof. Since the
representation of L (Y, i) is unitarily equivalent to

@L2(Ej’:u’) = @L2(Ej’:u’) @L2(Ej NYn, 1) = @@L2(En N thu)

jeJ jeJ neN n=1jeJ

and this isomorphism is as representations of L (Y, u), working on each direct
summand we may assume that n(x) is constant, order J we assume that J = N. In

this case set
o0
x=JE
j=1

k

Aj = {x :np () = 5}, 5 < k.
Define a linear map Ty : L?(Eg, u) — L?(X,C", ) by

k
Tif(x) =3 Xayu@ f(@)e;.
j=1
Then T} intertwines the actions of L>°(X, u) on L?(Ej, u) and L?(X,C", i) and
P 1.: P L*(Er,p) — L*(X,C", p)
k=1 k=1

gives a unitary isomorphism between the two representations.
d

2.2. Direct Integrals of Operators and Representations. In this section, we
study fields of operators acting on measurable fields of Hilbert spaces. We state
necessary and sufficient conditions for an operator acting on a direct integral of
Hilbert spaces to come from a measurable field of operators. We also show when
we can decompose a representation of a separable C*-algebra as a direct integral
of representations.

Definition 2.2.1. Let x4 be a Radon measure on a o-compact locally compact
Hausdorff space Y and let {H, : y € Y} be a measurable field of Hilbert spaces over
Y. On [, H,du(y) define a representation p of L>(X, u) by p(f)&(z) = f(x)é(x).
We call the image of this representation the diagonal algebra.

Definition 2.2.2. emphLet yu be a Radon measure on a locally compact Hausdorff
space Y and let {H, : x € X} be a measurable field of Hilbert spaces over Y.
By a measurable field {T, : y € Y }of operators we mean an element (Ty)ycy €
[1,ey B(Hy) such that
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(1) y — (T,&(y),n(y)) is measurable for all £, € S. (ii) The essential supremum
of ||Ty ]| is finite.
Note that

Ty = sup [T, (9). £ ()]

for &, € S such that H, = Span{&,(z) : n € N} almost everywhere, thus it makes
sense to ask that the essential supremum is finite.

If {T}, : y € Y} is a measurable field of operators, then we can define an operator
T on [, Hydu(y) by

(TE)(y) = Ty&(y)
we shall denote this operator by ff,a Ty du(y).

Definition 2.2.3. Let x4 be a Radon measure on a o-compact locally compact
Hausdorff space Y and let {H, : y € Y} be a measurable field of Hilbert spaces
over Y. Let T be an operator on [y, H, du(y) we say that T is decomposable if there
exists a measurable field (T}),cy of operators such that

@
T:/Y Ty du(y).

Direct computations show that following algebraic formulas:

/Tdu /Sdu /Ty—FSyd,u(y)
([ ) ([ ) 750
(f@wwfifwww

Our first Theorem gives an alternative characterization of decomposable opera-
tors.

Theorem 2.2.4. Let u be a Radon measure on a locally compact Hausdorff space
Y and let {Hy : y € Y} be a measurable field of Hilbert spaces over Y, and set
H = [, Hydu(y). Let T € B(H), a necessary and sufficient condition that T be
decomposable is that it commutes with the diagonal algebra. If T is decomposable
and T = fY T, du(y fYS du(y), are two decompositions of T, then S, = T,
almost everywhere Further IT|| is the essential supremum of ||T,||.

Proof. If T is decomposable it clearly commutes with the diagonal algebra. Con-
versely, suppose that T commutes with the diagonal algebra and let (&,(y)) be
sequence in S such that Hy is the closed linear span on &, (x) for almost every z.
Set n,(y) = (T€,)(y), we claim that for all ¢1,... ¢, € Qi] = {a+bi: a,be Q}

1

D em@)| < ITHD  ¢ién)
< =
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for almost every y. To see this, it suffices to show that for all f € L>(Y, u)NL?(X, i)
we have

m

/Y £l ;cmn@) du(y) < |17 /Y W)l chjsn dpu(y).

—

We have, using p(f)¢(y) = f(y)é(y) for f € L=(Y, p), that

/Y ()] ;cmn@) dyu(y) = /Y ()T ;cjsj w)|| duy) =
AT D e ||| = |Te) | D& ||| < ITIP|o(h) | Do eis

2
m

=1 [ 1R [ )| dut)

Because there are countably many vectors of the form ZT:l ¢;&; with ¢; € Q[i], we

may select a conull Yy C Y such that for all y € Yy, and all ¢4,..., ¢ € Q[i] we
have
T it | ()= emi()
j=1 j=1
and
S )| <ITHD W)
Jj=1 j=1
For y € Yy define
Ty (D emiy) | =D &),
Jj=1 j=1

the above inequality guarantees that T, is well-defined and Q[é]-linear. It also shows
that

1Ty (€ =mIl < ITNHIE = nll
for &, n in the Q[i]-span of &, (y). Thus T is uniformly continuous, and hence by

completeness of Hy, it has a unique extension Ty : H, — H,, it is easy to check
that this extension is linear and has norm at most ||T|| on Yy. A simple density
argument shows that T = fﬁa T, du(y).

Suppose T = fﬁa Sy du(y) is another decomposition of T, we must show that
Sy = T, almost everywhere. Taking differences, we may assume that 7' = 0 and
show that S, = 0 almost everywhere. But for each n, we have that

0= |76, = /Y 15,6 ()2 dpu(y)

and thus we may select a conull subset on which Sy&,(y) = 0 for all n. Because the
&n(y) generate Sy, this shows that S, = 0 almost everywhere.

For the last claim, note that if T is a decomposable operator, then since we
already checked uniqueness, we can use any decomposition ff,a T, du(y) to show
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that ||T|| is the essential supremum of || T, ||. The decomposition we constructed in
the first part of the proof had ||Ty|| < ||T'|| almost everywhere by construction. For
the reverse inequality simply note that if the essential supremum of || T} || is at most
R then for all £ € S,

|Te|? = /Y 1T, )12 duly) < B2 /Y 1Ew)|1? duy) = B[]

Thus ||T'|| is at most the essential supremum of | T, || and this completes the proof.
O

Proposition 2.2.5. Let p be a Radon measure on a locally compact Hausdorff
space Y and let {H, : y € Y} be a measurable field of Hilbert spaces over Y. Let

T, = fﬁa T,.(y) du(y) be a sequence of decomposable operators. If T,, — T in the

strong operator topology, then T is decomposable. If we write T = fﬁa T, du(y), then
there is a subsequence T, such that Ty, (y) — T(y) is strong operator topology for
almost every y. 3

Proof. The fact that T' is decomposable is obvious from the above proposition. To
see the second claim, let (§,,) be a dense sequence in H. By a diagonal argument and
Theorem 1.1.8 we can find a subsequence T),, of T,, such that T,,, (v)&. — T(v)én
in norm for almost every y. By the principal of uniform boundedness, we can find
an M > 0 such that ||T,| < M for every n. The above proposition implies that
I (y)|| < M for almost every y and all n. Therefore, by removing a set of measure
zero we may assume that | T, (v)|| < M for all k and y € Y. Since &, is dense this
implies that T,,, ()¢ — T'(y)¢ in norm for every £ € H.

O

We now consider direct integrals of representations.

Definition 2.2.6. Let p be a Radon measure on a o-compact locally compact
Hausdorff space Y, and let {H, : € X} be a measurable field of Hilbert spaces
over Y. Let A be a C*-algebra, a measurable field of representations {m, :y € Y}
of A is a collection of *-representations m,: A — B(H,), for y € Y, non-degenerate
s-representations such that (y — m,(a)é(y)) € S for all £ € S. Define 7: A —

B (féa H, d,u(y)) by (m(a)€)(y) = my(a)é(y). Then 7 is a *-representation of A,

which we call the direct integral of my and denote m = ff,a Ty dp(y).

As in the case of decomposable operators, we have an abstract characterization
of direct integrals of representations.

Theorem 2.2.7. Let p be a Radon measure on a o-compact locally compact Haus-

dorff space Y, and let {H, : x € X} be a measurable field of Hilbert spaces over Y.

Set H = féa H,du(y), suppose m: A — B(H) is a *-representation such that m(x)
commutes with the diagonal algebra for all x € X. Then there is a measurable field
{my 1y € Y} of x-representations of A, such that

e

3The same can be said about any of the usual operator topologies we typically consider, and
the proof given below works for any of them.
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Proof. Fix a countable subring R C A, which is norm dense, closed under adjoints
and scaling by elements in Q[éi]. For each a € R, by Theorem 2.2.4 we can find a
measurable field of operators a, such that

e
w@) = [ ayduty
Y

and we have, for almost every y € Y that ||a,|| < ||7(a)|| < ||a||. For a € R set

Ny ={y €Y :|layll > |[m(a)|}

NZ={yeY:a,#a}

and for a,b € R, \ € Q[i] set

NYy ={y €Y :ayb, # (ab),}

N2, ={yeY :a,+b, # (a+Db),}

Nag={y €Y : day # (Aa)y}

then each of N}, N2N!, ' N2, Na are all null sets. Since R is countable

ab’
N={JNiuN)u |J (NLUNZ U | N
acR a,beR AEQ[i],a€R
is a null set, set Yy =Y \ Ny. For y € Yp, we have that

my(a) = ay
is a *-homomorphism on R and |7, (a) — 7, ()| < |[|7(a—0b)|] < |la—b| on Yy. Thus
7y is uniformly continuous on R for y € Yy, and since B(H,) is complete we have
a uniqueness extension m,: A — B(H,) for y € ;. Simple density arguments show
that 7, are *-homomorphisms such that

52
oo [
Y
g

Lemma 2.2.8. Let pu be a Radon measure on a o-compact locally compact Hausdorff
space Y, and let H be a fixed separable Hilbert space. let A be a separable Cx-
algebra and {my} a measurable field of representations on Hy.4 Then there are
representations (py)ycy such that y — py(a) is strongly* Borel for each y € Y, and
such that ™, = py almost everywhere.

Proof. Let R C A be a countable dense subring closed under the % operation
and scaling by elements in Q[i]. By Corollary 1.2.4, for each ¢ € R we can find
T.:Y — B(H) strongly* Borel such that T,(y) = my(a) almost everywhere. As in
the previous proposition, we can find a Borel null set N C Y such that for y € Y\ N
we have

Top(y) = Tou(y)Tp(y) for all a,b € R
T.(y)* =Tu«(y) foralla € R
Toto(y) = To(y) + Tp(y) for all a,b € R
Tra(y) = AT, (y) for all a € R, \ € QJi]
T (W) < |la| for all @ € R.

4This just means y — 7y (a) is strongly* p-measurable for every a € A.
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As in the previous proposition for y € Y\ N, the map y — T, (y) extends uniquely
to a *-representation of A, which we denote by p,. By definition y — xy\npy is
strongly™ Borel for each a € R, and since being Borel is closed under norm limits
(see Proposition 1.1.2) it follows that y — py(a) is strongly*-Borel for each a € A.
A similar argument shows that we can find a null set N’ such that p,(a) = 7,(a)
for all @ € A.

O

Theorem 2.2.9. Let i1 be a Radon measure on a second countable locally compact
Hausdorff space Y, and let {H, : y € Y} be a measurable field of Hilbert spaces over
Y. Let A be a seperable Cx-algebra and 7y, py are two measurable fields of representa-
tions on Hy such that my = p, for almost every y € Y. Then, for almost everyy € Y,
we can find a unitary Uy, € B(Hy) such that y — Uyé(y) € S,y = U(y)*¢(y) € S
for each § € § such that Uym,U; = py. Thus fﬁa Uy du(y) implements a unitary

. D ~ [P
equivalence between fy Ty = fy Py-

Proof. Let Y = {y € Y : dimH, = n}, for n € NU {c0}, and choose Y,, C Y,
Borel such that u(Y; \ Y,,) = 0. Working on each Y,,, we may instead assume that
Y is a Borel subset of a second countable locally compact Hausdorff space and that
there is a fixed separable Hilbert space H, such that {m, : y € Y’} is a measurable
field of representations on H. Observe that the one-point compactification of a
second countable locally compact Hausdorff space is still second countable, and
being compact, it is metrizable. In particular a second countable locally compact
Hausdorff space is homeomorphic to an open subset of a Polish space, and is thus
Polish by Theorem 4.1.13. Since U(H) is closed in {T € B(H) : ||T|| = 1} for
the strong® topology, it is a Polish space by Proposition 1.2.6. By applying the
previous lemma, we may assume that y — m,(a),y — py(a) are strongly™ Borel for
each a € A. Let

X={(y,U) €Y xU(H) : Uny(a)U" = py(a) for all a € A}.

We claim that X is a Borel subset of Y x U(H), when U(H) is given the strong*
topology. Indeed, let D be a countable dense subset of A, then

X=({wU)eY xUH): Ury(a)U* = py(a)},
acD

so it suffices to show that for S,T7:Y — B(H) strongly™ Borel
{(;U) €Y xU(H) : UT(y)U" = S5(y)}

is Borel. But if (£,)52, is a dense sequence in H, then
{(y,U) e YXUH) : UT(y)U* = S(y)} = ({(y,U) € YxUH) : UT(y)U"En = S(y)én}-
n=1

Since y — UT(y)U* is strongly * Borel by Propositions 1.2.6, we have that
{(,U) €Y xUH): UT(y)U" = S(y)}

is a Borel set. Let m: X — Y,mo: X — U(H) be the projections onto the first
coordinate and second coordinates, our assumptions imply that 71 (X) is a conull
set in Y, and it is analytic by Corollary 4.1.22. Since X is a Borel subset of the Polish
space Y x U(H), Theorem 4.1.33 implies that we can find a universally measurable
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¢:Y — X such that mo¢g(y) = y for ally € n(X). Let U: n(X) — U(H) be defined
by U = mg 0 ¢. Since

¢(y) = (y,U(y)) € Y for all y € m(X)
we have
Uy)my(a)U(y)" = py(a)
for each y € m(X), and 71 (X) was already seen to be conull. Thus U(y) has the

desired properties.
O

3. DIRECT INTEGRALS OF VON NEUMANN ALGEBRAS

3.1. Measurable Fields of Von Neumann Algebras and Decomposition
Into Factors. In the previous sections, we have discussed the notions of a mea-
surable field of Hilbert Spaces, now we shall consider a measurable field of von
Neumann algebras acting on a measurable field of Hilbert spaces.

Definition 3.1.1. Let p be a Radon measure on a o-compact locally compact
Hausdorff space Y, and let {H, : y € Y} be measurable field of Hilbert spaces
over Y. A collection of von Neumann algebras {M, : y € Y} with M, C B(H,),
such that the identity of M, is the identity of B(H,) for almost every y is said
to be a measurable field of von Neumann algebras if there are measurable fields of
operators {a,(y) : y € Y} such that M, = W*({a,(y) : n € N}) for almost every y.
If Hy = H is a fixed separable Hilbert space for each y, we say that M, is a Borel
field of von Neumann algebras if the a,, above can be chosen to be strongly* Borel
for each n, and M, = W*({an(y) : y € Y'}) for every y € Y.

We have the following consequence of Corollary 1.2.4. If y — M, is a measurable
field of von Neumann algebras acting on H, then there is a Borel field y — M, of

von Neumann algebras acting on H such that My = M, for almost every y. We
shall often say “let (M, Hy)yey be a measurable field of von Neumann algebras
over Y to indicate that H, is a measurable field of Hilbert spaces over Y, and that
M, is a measurable field of von Neumann algebras such that M, C B(H,).

Our first propositions of this section establishes basic facts about measurable
and Borel fields of von Neumann algebras.

Proposition 3.1.2. Let pu be a Radon measure on a o-compact locally compact
Hausdorff space Y, let H be a separable Hilbert space and (My)ycy o Borel field of
von Neumann algebras acting on H. Then

(a) (M,)yey is a measurable field of von Neumann algebras.

(b) If Ny is another Borel field of von Neumann acting on H, then Ny, N M, and
Ny Vv M, are measurable fields of von Neumann algebras.

(¢) Fiz R > 0, then using B(0,R) ={T € B(H) : ||T|| < R} we have that

{(y,T) €Y xB(0,R): T € My}

is a Borel subset of Y x B(0, R).
(d) The set
{(y,¢) €Y x B(H), : (b’M is a trace}®

is a Borel subset of Y x B(H)..

S5Here we are identifying an element in B(H ) with the linear functional on B(H) it defines
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(e) Let A be a separable C*-algebra and {m, : y € Y} a measurable field of
representations over Y. Then m, is a measurable field of von Neumann algebras.

Proof. Let y — an(y) be strongly* Borel maps such that M, = W*({a,(y) : n €
N}) for every y € Y.

(a) Let ¢, be a dense sequence in B(H),. The idea is to produce a sequence
b,: Y — B(H) of strongly* p-measurable maps such that

(i) on(y)]| < 1 for all y

llgn |, |

(if) lon (bn(y))]l = #

(iil) bn(y) € M,y for all y.

Once we have done this, the Hahn-Banach Theorem guarantees that M, =
W*({bn(y) : n € N}) for every y, and thus that M, is a measurable field of von
Neumann algebras.

To do this, we first show that for all ¢ € B(H), we have y — H(b’;wa is Borel.
Let f,: B(H) — I*°(N)®B(H) be defined by f,(T) = (Tan(y) — an(y)T)nen, then
M), = ker(¢,), and ¢, is weak* continuous. Thus (M;)* = fL((I*(N)®B(H)).).
We can identify (1°(N)®B(H)), as all I}(N, B(H),). Let v@ = (1), be a
dense sequence in [}(N, B(H),). Then

16] 57, | = inf{ll¢ — ]| : ¥ € (My)*"} =
inf{[|¢ — f,(¥\V| : j € N}.

Let T} be a weak* dense sequence in the norm closed unit ball of B(H). Because

o0

FL@ONT) = 69 (Than(y) — an(y)Th)

n=1

we have that

o — fy(w| = sup

$(Ti) = Y o (Tean(y) — an(y)Ti)

Because a,(y) are strongly* Borel, it follows from this formula and Proposition
1.1.2 that ||¢ — f, ()| is Borel for all j. Thus ||¢|,, || is Borel.

We have that
r_ . _
My ={T € B(H) : Tan(y) = an(y)T}
for every y € Y. Note that by Proposition 1.2.6

({(Toy) € BUH) x Y : |T|| < 1,Tan(y) = an(y)T}

n=1

is a Borel subset of B(0,1) x Y. This set is precisely {(T,y) € B(H) : |[T|| < 1,T €
M, }. By a similar logic

[ énp |
Xn={(T,y) € BH)xY x B(H),: T € M, |T|| <1,[|¢n(T)[| > %}

is Borel and if 7: X, toY is the projection , it is easy to see that 7 is onto. Thus
by Theorem 4.1.33 we can find a universally measurable ¢, : Y — X, such that
mo ¢, = Id. Setting b, = q o ¢,, where ¢ is projection onto the second coordinate,
we see that the b, have the desired properties.
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(b) It is clear from the definitions that M, V N, is a Borel field of von Neumann
algebras, since
Ny N M, = (M, NN,)
the other claim follows from (a). (¢) We may assume that the a,(y) are self-adjoint
for each y. Fix a dense sequence & in H. Let A be the ring of all noncommutative
polynomials in variables 1, z9, . . . with coefficents in Q[i]. Then A is countable, we
claim that
((T,y) € BUH) x Y : |T| <R, T € M} =

NN Uee

n=1m=1 PEA
Where

Ep =

AT y) : ITI < B, [|P(ar(y), - - Yex =Tkl < 1/n3n{(T,y) : [|P(ar(y), .. )| < 2R+1}.
j=1

Indeed if (T, y) is in the right hand-side, then that means we can find a net P; € A,
such that

Pi(a1(y), az(y), - - )&k — T
for all k, and || P;(a1(y), - ..)|| < 2R+ 1. Since || P;i(a1(y),...)|| < 2R+ 1, the density
of the &, guarantees that

Pi(a1(y), a2(y),...) = T

strongly and T' is in M,. Conversely, if T € M,, then by Kaplansky’s Density
Theorem given any n,k € N we can find a noncommutative polynomial P with
coefficents in C, in the variables 1, zo, . .. such that

1P (ai(y), az(y), .. )& = TE| < 1/nfor j =1,....k

and
1P (ai(y), az(y), .. )l < R.

Perturbing the coefficents slightly we may find P’ € A such that

[P(ai(y), az(y), .. )& = Tl <1/nforj=1,....k

[P (a1(y), az(y), .. )l < 2R+ 1.
Since Ep is Borel by Proposition 1.2.6 we have that
{(Toy) e BIH) xY T <1,T € My}

is Borel.
(d) Adding in all P(a1(y), a2(y), ...) where P is in the ring A define in (c), we
may assume that the linear span of a,(y) is weak* dense in M, for all y. Then

{(¢,y) € B(H). xY : T’My is a trace } =

U {(6,9) € BUD). X ¥ : $(am()an(y)) = dlan®)am®))},
n,meN
and this is a Borel set by Proposition 1.2.6.
(e) If (z)22, is a dense sequence in A, then {my(a,): n € N} generates m,(A)"”
for every y.
O



DIRECT INTEGRALS OF HILBERT SPACES AND VON NEUMANN ALGEBRAS 27

Corollary 3.1.3. Let p be a Radon measure on a o-compact locally compact Haus-
dorff space Y, let (M, Hy)yey be a measurable field of von Neumann algebras over
Y. Then

(a) (My)yey is a measurable field of von Neumann algebras.

(b) IfN is another measurable field of von Neumann, then NyNM, and N,V M,
are measurable fields of von Neumann algebras.

Proof. By partitioning and applying Theorem 2.1.9 we may assume that H, = H
is constant. Now simply modify M,, N, on null sets to make them Borel and apply

the previous proposition.
O

Definition 3.1.4. Let p be a Radon measure on a o-compact locally compact
Hausdorff space Y, and let (M, Hy)ycy be a measurable field of von Neumann

algebras over Y. Let M be the set of all operators ff,a ay dp(y) such that a, € M,
for almost every y € Y. Then M is called the direct integral of M, and denoted

Iy M, du(y).

Theorem 3.1.5. Let p be a Radon measure on a o-compact locally compact Haus-
dorff space Y.
(a) Let (My, Hy)yey be a measurable field of von Neumann algebras over Y.

Then M = fﬁa M, du(y) is a von Neumann algebra and

= /Y : M, du(y)

(b) Let A be a separable C*-algebra, and let {my, : y € Y} be a measurable field
of representations over Y, such that m, is non-degenerate for almost every y, and

set ™= fﬁa 7y dp(y). Then m(A)" C fﬁa y(A)" dp(y).
(c) If (My, Hy), (Ny, Hy) are two measurable fields of von Neumann algebras,

then
/ Ny du(y / M, du(y

if and only if Ny, € M, almost everywhere. Further we have

/NﬂMd,u /Md,u /Nd,u

(d) If p € M is a projection, and p = fY p(y) du(y) then pMp = fY p(y) Myp(y) dp(y).

Proof. (a)It suffices to show that
@
= / My, du(y)
Y

because if we take commutants again (and apply the above to M, in place of M)

we see that
®
"= / M, du(y) =
Y

i.e. M is a von Neumann algebra. It is clear that

7]
M2 /Y My du(y).
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For the converse, let a,(y) be a measurable field of operators such that M,
W*(an(y) : n € N) almost everywhere, and let T € M’. Since the identity operator
is in M, for almost every y, we have that T' commutes with the diagonal algebra so

that by Theorem 2.2.4 we can write 1" = ff,a T, du(y). Then, for each n and almost
every y we have[Ty, a,(y)] = 0. By removing countably many null sets we see that
for almost every y we have that [T}, a,(y)] = 0 for all n.

(b) Since 7, (A)" = (my(A)"”)", we have that 7,(A)" is a measurable field of von
Neumann algebras by the above proposition. Suppose T' € 7(A)”, then we can find
an € A, such that ||7(ay,)|| < ||T| and 7(a,) — T in the strong operator topology.
Thus by Theorem 2.2.5 and passing to a subsequence we can write

7]
T= /Y Ty du(y)

in such a way that m(a,)(y) — Ty in the strong operator topology almost every-
where. Thus

D
TG/Y my(A)" du(y).

(c) Let an(y), bn(y) be measurable fields of operators generating M, N, almost

everywhere. Set
® ®
N:/Y Ny du(y),M:/Y M, dp(y)

If N C M, then we have that b,(y) € M, for almost every y, thus N, C M, for
almost every y. Conversely, suppose that N, C M, for almost every y. We first
claim that M = W*(a, : n € N). We have that

W*(an :n € N) = ({1} U{an}pZy U{an})”

But by a similar argument as in (a), we have that

52
(1} ez Uanh) = [ ({1}0 ek, Ufan)) duty)
Y
and
[0 e Utan duto) = [ 0ty dut)

and part (a) now proves the claim, by the double commutant theorem. A similar
result holds for IV, and since N, C M, we have that b,(y) € M, for almost every
y. Thus b,, € M, so

N=W*"{an:neN})C M.

For the second claim, note that the logic we just used implies that

/M\/Nd,u /Md,u /Nd,u

and taking commutatns proves the second claim.
(d) It is straightforward from the definition to verify that y — p(y)Myp(y) is
measurable field of von Neumann algebras. It is clear that

D
/ p(y)Myp(y) du(y) € pMp.

Y
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On the other hand, if a € pMp, then

(&) (&)
/ a(y)du(y) = a = pap = / p(y)a(y)p(y) du(y)

Y Y

so that a(y) = p(y)a(y)p(y) for almost every y. That is a(y) € p(y) Mp(y) for almost

every y.
O

Theorem 3.1.6. Let Y be a o-compact locally compact Hausdorff space and let
i be a Radon measure on Y. Let (M, Hy,) be a measurable field of von Neumann

algebras over Y, and M = f? M, du(y).
(i) If ¢ € M., then there exists, for almost y, a ¢, € (My). such that y —
oy(aly)) is measurable for all a € M, and

[$]
/ byl dia(y) < oo
Y

0) = /Y by(a(y)) du(y)

16l = /Y by du(y)

This last formula itmplies that ¢y is unique up to agreement on a null set. Con-
versely, if ¢, € (My)« is such that y — ¢y(aly)) is measurable for all a € M, and
Jy lléyll du(y) < oo we have that

0) = /Y by(a(y)) du(y)

is in M,. We will write ¢ = f? &y du(y).
(i) If ¢, ¢y are as in (i), then ¢ > 0 if and only if ¢, > 0 for almost every y.
(111) ¢ > 0 is faithful if and only if ¢, is faithful.

Proof. (i) If ¢ € M., then by the Hahn-Banch Theorem we can find ¢ € B(H).
such that 9|, = ¢. Let &,,m, € H = [ H, du(y) be such that

o0 o0
S &N lmll® < oo
n=1 n=1

and

= (T&u,mn).

n=1

/Znsn )12 duly) Z/nsn VI du(y) =
S el < s,
n=1

Then

and similarly for n,(y). Thus
Z €n ()17, Z 17 (v)||> < oo for almost every y..
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Therefore we can define ¢, € B(H,) by

o0

oy(T) = Z (T&n(y): M (y))

n=1
and by definition of a measurable field of operators we have that y — (a(y)&,(y), 7 (y))

is measurable for all a € M. Thus we have that y — ¢,(a(y)) is measurable for all
a € M. Further we have that

/Ilfbylldu /lefn )l (W) dp(y) =

Z/nsn Mm@ duty) (/ a1 duty ) (/ I (0)I? d( >)

(Z ||§n||2> (Z ||nn||2> .

A straightforward computation verifies that

/Y by (a(y)) du(y) = 6(a) for all a € M.

/2

IN

If b, € M is such that b, (y) is weak* dense for almost every y, % then
l[¢yll = sup |dy (bn (y)]

and is thus measurable. Straightfoward estimates show that

61 < [ oyl duto)
Since M is the dual of M., we can find a € M with ||a|| < 1 such that
¢(a) =[]

Let a: Y — T be measurable such that a¢y(ay) = |¢y(ay)| for every y. Then
]l = / by(ay) dpu(y / 6y (a())] dpu(y) =
/Y by (a()a(y)) du(y) = d(aa) < ||¢||

Thus by replacing a with aa we may assume that ¢, (a(y)) > 0 almost everywhere.
We claim that ¢, (ay,) = ||¢,|| for almost every y. By applying Theorem 2.1.9 we
may assume that there is a partition Y,, of Y and separable Hilbert spaces K,, such
that Hy, = K, for y € Y,,. Then by modifying a,, ¢, on a null set we may assume
that y — a(y),y — ¢, are strongly* Borel, and Borel, respectively for y € Y,,. For
each n, let

En ={(y,0) € Yo x B(H) : [[b]| <1, 9y(b) > [|dyll;b € M,}.

Then E,, is a Borel set when B(H) N B(0,1) is given the strong* topology by
Proposition 3.1.2. Let m1: E,, — Yy, m2: E, — B(H) be the projections. We have
that 1 (Ey,) is analytic, and by Theorem 4.1.33 we can find a universally measurable

6e.g. considerall P(a1(y), az(y),...) where P is a noncommutative polynomial with coefficients

in Q[4].
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g: Y, — Ey such that 1,09 =1d. Let b’ = w209, , set b = xr, (5,0 + Xr (B,)-a,
then b € M. Also

el = ¢(b) :/ . ¢y(b(y)),du(y)+/ Py(a(y)) duly) =

l(En)C

/ Gy (b(y)), dp(y) +/ oy(aly)) du(y) = é(a) =[]
71 (Epn 71 (Ey)°

This implies that p(m(Ey)) = 0 for all n. Since m1(Ey) = {y : ¢y(a(y)) < |loyl}
we have that ||¢,| = ¢, (a(y)) almost everywhere. Thus

oll = /@wy /wﬂw
as desired.

(ii) For the second claim, it is clear that if ¢,, > 0 almost everywhere then ¢ > 0.
Conversely, the equality that we just established

nw:AwAW@

shows that any two decompositions of ¢ agree almost everywhere. Thus if ¢ > 0,
then we can restart the construction by extending v to a positive normal functional
on B(H) and finding ¢, € H such that

o0

Z Tén, &n)-

Exactly as in the first step of the proof we see that ¢, (T) = >, (T¢n(y), ¢u(y))
gives a decomposition of ¢ and clearly ¢, > 0 almost everywhere.

(iii) Suppose ¢ > 0 and that ¢, is faithful for almost every y. If a € M, a > 0,
then a(y) > 0 almost everywhere and if ¢(a) = 0 we have that

O:A%wmww

since ¢, (a(y)) > 0 this implies that ¢,(a(y)) = 0 almost everywhere. Since ¢, is
faithful almost everywhere we must have that a(y) = 0 almost everywhere.

Suppose that ¢, is faithful for almost y. If a,(y) are measurable operator fields
which generate M, almost everywhere then ay,(y) give generating fields in L?(M,, ¢).
Thus L?(M,, ¢,) is a meaurable field of Hilbert spaces over Y, and measurable op-
erator fields in M preserve the measurable sections of L?(M,, ¢,). Thus we have a
normal representation 7w of M on

D
H:ALW%W¢Ml

Moreover if we use 1 € H, for the vector which is the identity of M, for every y we
have that

¢(a) = (al, 1)
so to prove that ¢ is faithful, we only have to show that 1 is cyclic for #(M)’. By
a similar logic as above we have that

(&)
N = [ Myauty
Y
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has a representation p on H with image contained in 7(M)’. Suppose n € H is
perpendicular to p(IN)1, then for every b € N and E C Y measurable we have that

mwmmmmzémwﬂmww

thus (n(y), b(y)) = 0 for almost every y. If we let b,, € N be such that b, (y) is strong*
dense in M, for almost every y, we have for almost every y that (n(y), b, (y)) =0
for all n. Since b, (y) are dense in L*(M, ¢,) by the normality of ¢, we have that
n(y) = 0 for almost every y. Thus n = 0, so p(IN)1 is dense in H. Thus 1 is cyclic
for M’ and thus ¢ is faithful.

O

Corollary 3.1.7. LetY be a second countable locally compact Hausdorff space and
let v be a Radon measure on Y. For a fized Hilbert space H, and a von Neumann
algebra M C B(H). we have that the map f @ T — (v — f(x)T) induces an
isomorphism

L(Y, 1) & M / H) du(y)
In particular, by the results of the above theorem we have the identification
(L=(Y,p) @ M), = LY (X, M, ).

Proof. We can represent both algebras on
LAY, ) ® H = LAY, u, H / H du(y

and this is compatible with the above identification. Under this identification,

. (&)
LY, ))@&M C /Y M du(y)

since the right hand side is a von Neumann algebra which contains L* ® 1 =
ff,a Cdu(y) and 1 ® M. Applying this observation to M’ we see that

(L>® (Y, p)@M)" = L=(Y, u) @M’ C / M’ du(y (/ M du(y )

and taking commutants in this equation completes the proof.
O

We are in position to prove the main theorem of this section, namely that every
von Neumann algebra is a direct integral of factors. Before we do so, we will show
that the von Neumann algebra structure of a direct integral does not depend upon
the field of Hilbert spaces it is represented on, but only on (almost every) the von
Neumann algebras we are integrating. To do this we will need a few preliminary
results.

Proposition 3.1.8. Let p1 be a Radon measure on a second countable locally com-
pact Hausdorff space Y, and let (M, Hy), (Ny, Ky) be two measurable fields of von
Neumann algebras over Y, and let

@ (&)
M:/Y Myd,u(y),N:/Y N, du(y)
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If my: My — Ny are normal x-homomorphisms such that for every a € M, we
have that y — my(a(y)) is in N, then m: M — N defined by 7(b)(y) = my(a(y)) is
a normal *-homomorphism, which we will denote by

/Y : Ty dp(y).

Furthermore 7 is injective if almost every my, and m is surjective if almost every my
18.

Proof. To prove that 7 is normal, we have to show that for all ¢ € N, we have
that pom € M,. Fix ¢ € N, and write ¢ = ff,a ¢y du(y) by Theorem 3.1.6. In order
to show that ¢ o m € M,, we have to show that ker(¢ o 7) is weak* closed, by the
Krein-Smulian Theorem we have to show that ker(¢ o w) N B(0, 1) is weak* closed.
So we need to show that ker(¢om)N B(0, 1) is weak operator topology closed. Since
M has seperable predual, its weak™ topology is metrizable on bounded sets, so we
need to show that if a,, € ker(¢om)NB(0, 1) and a,, — a in the weak* topology, then
a € ker(¢ o) N B(0,1). Note that |la]| < 1, so that ||a(y)|] < 1 almost everywhere,
and since m, is contractive we have that ||my(a(y))|| <1 almost everywhere. Since
my is weak™® continuous for each y, the dominated convergence theorem implies that

ot0) = [ oy(alw)ants) = im [ o0, duts) =0,

Thus a € ker(¢ o w) N B(0,1) and the proof is complete.

For the last two assertions, first note that m.¢ = ff,a (7y)« @y du(y) for all ¢ =
ff,a N, du(y) € N,. Suppose 7, is surjective for almost every y. Since 7: M — N is
a normal *-homomorphism, we have that 7(M) is a von Neumann algebra, so we
need to show that 7(M) is weak™ dense in N. So by the Hahn-Banach theorem we
have to show that if ¢ € N, is such that ¢ = 0 on 7 (M), then ¢ = 0. Given ¢ € M,
as such that ¢ = 0 on M, write ¢ = fﬁa Ny du(y), and set ¢, = (my)«¢y so that
1 = me¢ = 0, thus

oaﬁwwww.

Thus 1, = 0 almost everywhere, but since 7, is surjective almost everywhere this
implies that ¢, = 0 almost everywhere, i.e. that ¢ = 0.
The injectivity is easier, since m, is isometric almost everywhere we have that
(@)l = 7 (ay)llll Lo vy = Mlayllll o vy = llall-
d

Theorem 3.1.9. Let p be a Radon measure on a second countable locally com-
pact Hausdorff space Y, and let (M, Hy), (Ny, Ky) be two measurable fields of von
Neumann algebras over Y. Set

@ ®
H:/Y Hdu(y),M:/Y M, du(y)

7] 7]
K:/Y Kdu(y),N:/Y Ny du(y).

Suppose that (My, Hy), (Ny, K,) are unitary equivalent for almost every y. Then
there are unitary Uy: Hy — K, for almost every y, such that for all € Hine K
we have y — U,&(y) € K,y — U(y)n(y) € H, and U,M,U; = N, for almost every
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y. Thus U = fﬁa Uy du(y) implements a unitary equivalence between (M, H) and
(N, K).

Proof. By decomposing into direct sums, we may assume that y — My, y — Ny
are Borel and that H, = H, K, = K are fixed separable Hilbert spaces for each y.
Let a,(y), bn(y) be Borel operator fields which generate M, N, for every y. Let

X = m {(y,U) : U : H— K unitary and U*b,(y)U € Ny, Uan(y)U" € M,}
n=1

since the unitary operators from H to K are strong*-closed we have by Proposition
3.1.2 that X is a Borel set. So if m1: X — Y is projection to the first axis, then
7m1(X) is conull and analytic. Thus by Theorem 4.1.33 we can find ¢: YV — X
universally measurable such that 73 0 ¢ =1Id. Let U: Y — U(H, K) be such that
¢(y) = (y,U(y)). By construction

U(y)"NyUly) € M,
U(y)"MyU(y) € Ny
so U(y) has the desired properties. O

Theorem 3.1.10. Let p be a Radon measure on a second countable locally com-
pact Hausdorff space Y, and let (M, Hy), (Ny, Ky) be two measurable fields of von
Neumann algebras over Y, set

7] 7]
M:/Y Mydu(y),N:/Y Ny du(y).

Suppose My, = N, for almost every y. Then there are normal *-isomorphism
my: My — Ny, defined for almost every y, such that y — my(a(y)) € N for all

ac M. Thus m = fﬁa 7y du(y) is an isomorphism between M and N.

Proof. As in the proceeding proof we may assume that H, = H,K, = K are
fixed separable Hilbert spaces and that y — M,, N, are Borel. By the essential
uniqueness of a representation of a von Neumann algebra, we have that for almost
every y, there is a a projection p, € M, ® B(I*(N)) and a unitary Uy,: p,(H ®
I?(N)) — K, such that Uy (p,(M,&C)p,)U; = Ny, (p,(M,®C)p,) = U;N,U,. We
will apply the measurable selection theorem as in the last theorem, but the one
trick is to choose p, measurably so that

M, — py(My @ C)p,
is an isomorphism for almost every y. However M, — p, (M, ® C)p, is an isomor-
phism for almost every y, if and only if its adjoint is isometric on (p, (M, ® C)p,).
Thus we first show that we can choose a sequence ¢,,: Y — B(H), which are Borel
and such that ¢, (y)| are norm dense in (py, (M, ®C)p, ). for almost every
Y

Py (My®C)py

Let ¢, € B(H ® [*(N)), be a norm dense sequence.

Let a,(y), by (y) be Borel operator fields which are weak* dense in the unit ball
of My, N, for every y. Set X to be the set of (y,v,p) € Y x B(H ® I*(N), K) x
B(H ®1?(N)) such that
(a) p is a projection in M, ® B(I*(N)

(b) v*v =p,vv* =1
(©) v*bu(y)v € p(M,EC)p
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(d) vp(an(y) ® 1)v* € N,
(©) 1960 )P |0, 50yl = 100 ®)] 5 5l
() (Pn(y) ® 1)’My®<c = pyp for some ¢ € (p(M @ C)p).. where pipp is defined
by
(pvop)(z) = Y (pzp).
Let Xy be the set of all (y, p,v) satisfying (a) — (e) Since

160 ar, 0] = 510 160 (1) (plan () © L)

we see as in the previous theorem that X is Borel. Since

oo o X

X = Ul 0.0 : 10809y oo = (@) 1y, ell < 1/m},”

n=1m=1j=1

the same logic as above shows that X is Borel. As in the previous theorem, if
m1: X — Y is the projection onto the first axis, then 71 (X) is analytic and conull,
and we can use the measurable selection theorem to find

p:Y — B(H®I*(N))v: Y — B(H ®*(N), K)

such that
py) € M, ® B(I*(N))is a projection,
v(y) v(y) = p,v(y)o(y)” =1
v (y)Nyv(y) € p(M,&@C)p
v(y)(p(y) (M, @C)p(y))v(y)" S Ny
1P, 01,1000 | = 181t s
Thus

my () = v(y)(p(y)(z © 1)p(y))v(y)*
has the desired properties.
O

Theorem 3.1.11. Let A be a separable C*-algebra, and let m: A — B(H) be a
non-degenerate representation, with H separable. Let B C w(A)" be any abelian
subalgebra and write B =2 L>°(Y, u) with Y compact Hausdorff and p a finite Borel
measure on Y. Then, there is a measurable field over Y of representations m, of A,

on Hy and a unitary U: H — f? H,du(y) such that

D
UWU*:/ Ty dp(y).
Y

@
UAU*:/ Cdu(y).
Y

Further B is a mazimal abelian subalgebra of w(A)" if and only if m, is irreducible
for almost every y. In particular, every nondegenerate representation of A is a
direct integral of irreducible representations. Thus, every unitary representation of
a locally compact group is a direct integral of irreducible representations.

"Here it is crucial that (e) guarantees that ¢ — pep is isometric. Note that this extra condition
just says that the image of the map (p(My ® C)p)« — (My)« is dense.
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Proof. The existence of the disintegration follows form Theorems 2.1.10 and 2.2.4.
Thus we focus on equivalence of B being maximal abelian and 7, being irreducible
for almost every y.

First let us establish that {y : m, is irreducible} is measurable. By applying
Theorem 2.1.9, we see that we may assume that there is a partition Y,,,n € NU{oco}
such that H, = C" (C* = [?(N)) for y € C". Modifying m, on a measure zero set
we may assume that y — m,(a) is strongly* Borel for y € Y,,, and for all n (see
Lemma 2.2.8). Let ai be a dense sequence in A, and &, a dense sequence in H,
then

Xo={(y,T)eY,xBH):|T||=1,T € mry(A),T ¢ C1} =

({(y.T) € Yo x B(H) : |T|| = 1, [an(y), T] = 0} N Y,y x [(B(H) N B(0,1)) \ C1].
k=1

is a Borel set. If m1: X,, — Y, mq: X,, — B(H) are the projections we see that
m1(X,) = {y € Y, : my is not irreducible }

and this set is analytic, so our claim follows. Throughout the rest of the proof we
will assume that Y;, is partitioned as above and we will use the notation we just
established.

Suppose that there is a positive measure set of ¥ on which 7, is not irreducible.
Then for some n, we have that u(m(X,)) > 0, fix such an n. By Theorem 4.1.33
we may find a ¢: m(X,,) — X,,, universally measurable and such that w1 0¢ = 1Id.
Let T(y) = X, (x,,)T20¢, then T'(y) is a decomposable operator in w(A)’, thus T'(y)
commutes with

(&)
| cautw -5
Y

but is not in B, by construction. Thus B is not maximal abelian.
Conversely, suppose that B is not maximal abelian, and let T € B’ \ B. Since B

is the diagonal algebra relative to the decomposition fﬁa H, du(y), Theorem 2.2.4
implies that we can write

7 [ 1,duto)

We claim that {y : T}, ¢ C1} is measurable. As above we may assume that y — T,
is Borel for y € Y,,. Then

{y:T, € Cl}
is the projection to the first axis of the Borel set

U{(y,)\) €Y, xA: T, =)},
n=1

and is thus analytic, in particular measurable. Since T' ¢ ff,a T, du(y) we must have
that

ul{y: T, ¢ C1}) > 0.
But then for almost every y in {y : Ty, ¢ C1} we have that T}, € m,(A)’. Thus we

have found a positive measure set on which m,(A)" is not irreducible.
O

Theorem 3.1.12 (The Factor Decomposition). Every von Neumann algebra with
separable predual is a direct integral of factors.



DIRECT INTEGRALS OF HILBERT SPACES AND VON NEUMANN ALGEBRAS 37

Proof. Let M be a von Neumann algebra with separable predual, and represent M
faithfully on a separable Hilbert space H. Let A be a separable unital weak* dense
C*-subalgebra of M (with the same unit) and let a, be a dense sequence in A. 8
By the preceding corollary we can write H = ff,a H, du(y) in such a way that

(&)
200 = [ Cduty)

and the identity representation of A decomposes

S5}
Id:/ Ty dp(y).
Y

Set M, = my(A)”. Then
[S]
M:Mg/wwwww,
Y

by Theorem 3.1.5. However if T = ff,a T, du(y) € ff,a 7y (A)" du(y) and S € A4,
then since A” 2 Z(M), we see that S € Z(M)'. Since Z(M) is the diagonal
algebra, we can write S = ff,a Sy du(y), by Theorem 2.2.4. Since S € mw(A)’, we
have [S, a,] = 0 for all n, so [S(y), an(y)] = 0 for almost every y. Thus S, € 7,(A4)
almost everywhere and thus [T}, S,] = 0 almost everywhere. So [T,S] = 0. Thus
T € A", therefore

[S3}
M=A"= /Y 7y (A)" du(y).

Thus, by Theorem 3.1.5

(&) (&)
| cduw =200 =300 = [0, 004 duy),
Y Y

so M, N M, = C almost everywhere. That is, M, is a factor for almost every y.
d

3.2. Direct Integrals and Type Classification. In this section we show that a
direct integral ff,a M, du(y) is type I (vesp. IIresp. III) if and only if almost every
M, is I (vesp.II,resp.I11T). We similarly show that [, M, du(y) is finite if and only
if M, is finite almost everywhere, which also establishes the analogous claims for
types 111, I . To do this we shall use the measurable selection Theorem (Theorem
4.1.33) about (1000)! times. We first start with a few simple results.

Proposition 3.2.1. Let ;1 be a Radon measure on a second countable locally com-
pact Hausdorff space Y, and let M, be a measurable field of von Neumann algebras
over'Y, and let M = féa M, du(y).

(i) Two projections p,q are equivalent if and only if, for almost every y we have

p(y) is equivalent to q(y).
(i1) M is finite if and only if M, is finite for almost every y.

8For existence of such an A, note that since M., is separable we can find a,, € M such that for
all ¢ € M, we have ¢(arn) # 0 for some n. Then by the Hahn-Banach theorem, the linear span of
an is weak* dense. Now let A = C*({an : n € N}, 1).
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Proof. (i) Suppose v € M and v*v = p,ov* = q,v € M it the follows that
v(y)*v(y) = ply),v(y)v(y)* = q(y) for almost every y. Thus p(y) is equivalent
to ¢(y) for almost every y. For the converse, by applying Theorem 2.1.9 and work-
ing on each direct summand, we may assume that M, is represented on a fixed
separable Hilbert space H for each y. Modifying p, ¢ on null sets we may assume
that y — p(y), q(y) are strongly* Borel and that p(y), ¢(y) are projections for every
y. Let
X ={(y,v) €Y x B(H) : v € My,v"v = p(y),v0" = q(y)}

since v*v = p(y),vv* = ¢(y) implies that ||v|| < 1, and z — z*z is a Borel map
on {z : ||z|]| < 1} we see by Proposition 3.1.2 that X is a Borel set. If 7 is the
projection onto the first coordinate we have that 71(X) is analytic and conull by
assumption. By the measurable selection theorem we can find universally measur-
able map v: m(X) — {T € B(H) : ||T|| < 1} such that (y,v(y)) € X for all y.
Then v € M and implements the equivalence between p(y) and ¢(y) for almost
every y.

(ii) If M, is finite almost everywhere, it is easy to see from (¢) that M is finite.
Conversely, suppose that M is finite, then since Y is second countable we have that
fy H, du(y) is separable we have that M, is separable. Because M, is separable
and M is finite, we can find a faithful finite normal trace

7: M — C.

By Theorem 3.1.5 we can write 7 = ff,a Ty dp(y). Let an(y) be a weak* dense
sequence of measurable fields of operators in M. If E C Y is measurable we have
that

/ 7y (an(y)am (y)) du(y) = T(XEanam) = T(@amanXxE) = / 7y (am (y)an(y)) du(y)
E E

thus 7, (an(y)am(y)) = 7y(am(y)an(y)) for almost every y. Taking a countable
intersection of conull sets we see that we may assume that 7,(an(y)am(y)) =
Ty(am(y)an(y)) for every y and every n,m. By the weak® density of a,(y), am(y)
and the normality of 7, we see that 7, is a trace for every y. It is also faithful for
almost every y, by Theorem 3.1.6. Thus for almost every y, we have that 7, is a
faithful finite normal trace, and thus M, is finite.

O

Corollary 3.2.2. Let p be a Radon measure on a second countable locally compact
Hausdorff space Y, and let My be a measurable field of von Neumann algebras over
Y, and let M = fﬁa M, du(y). Then M is properly infinite if and only if M, is
properly infinite for almost every y.

Proof. Suppose M, is properly infinite for almost every y. Let 2 € M be a central
projection such that zM is finite. Then by the above proposition we have that z(y)
is finite for almost every y. Since M, is properly infinite for almost every y, this
implies that z(y) = 0 for almost every y, i.e. that 2 =0 and M is properly infinite.

Conversely, suppose that M is properly infinite. Working on direct summands,
we may assume that each M, is represented on a fixed separable Hilbert space
H and that y — M, is Borel. Note that M, is not properly infinite if and only
if there exists z € Z(M,) and 7: zM, — C a nonzero trace. Indeed if 7,z as
above exists, then {z € M, : 7(z*z) = 0} is a weak® closed two-sided ideal in
zMy, so equals z,M, for zg < z,z9 € Z(M). Thus 1 — 2y is a nonzero central
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finite projection, and thus M, is not properly infinite. Thus let X be the set of all
(y,2,¢) €Y x B(H) x B(H). such that

z € Z(My), z a projection
(b’ZM is a tracial state.
Y

We claim that X is Borel, since the set of projections in B(H) is a Borel subset of
{T € B(H) : ||T|| < 1}, and the proof in Proposition 3.1.2 establishes that

{(y,¢,0): qa projectionqﬁ’qM . is a trace }
Y

is Borel, we only need to show that {(y, z) : z € Z(M,)} is Borel, and that the set
of all

{(y, ¢, ®) : ¢ a projection (;5’ 1.0 18 a state
qMyq
are Borel. If b,(y) are strongly* Borel, closed under multiplication, addition, ad-

50T
joints and scaling by elements in Q[i], are such that M, = {b,(y) : n € N}, then
the two sets in question are

{(y,2) - 2 € Z(My)} = ({4 2) : 2bu(y) = bu(y)z}

({4, 4, 9) : ¢ is a projection , (gbn(y)*gbn(y)g) > 0,6(q) = 1}
n=1

and are thus Borel. So X is Borel, if m1: X — Y is the projection onto the first
axis, then

7m1(X) ={y : M, is not properly infinite}
is thus analytic.

Thus by the measurable selection theorem, we can find universally measurable
z:Y — B(H),7: Y — B(H), such that (y,z(y),7(y)) € X for all y € m(X). If
we let f € LY(Y,u) with f(y) > 0 for all y, then 7f gives a faithful trace on zM.
Thus z = 0, i.e. z(y) = 0 almost everywhere so 71 (X) is null and this completes
the proof.

O

Theorem 3.2.3. Let i1 be a Radon measure on a second countable locally compact
Hausdorff space Y, and let M,y be a measurable field of von Neumann algebras over
Y, and let M = f? M, du(y). Then M is semifinite if and only if M, is semifinite
for almost every y.

Proof. Suppose that M is semifinite, since M is semifinite and has seperable pre-
dual, we can find p,, € M such that p, / 1, and p, Mp, is finite. Then p,(y) is
increasing for almost every y, and it easy to see that for almost every y,

1 = (sup pn)(y) = sup(pa(y))

so that p,(y) ' 1 for almost every y. By the above proposition we have that
Pn(y) Mypr(y) is finite for almost every y. Since p,(y) 1 for almost every y, this
implies that M, is finite for almost every y.

Conversely, suppose that M, is semifinite for almost every y. Applying Theorem
2.1.9 we see that we may assume that M, is each represented on a fixed separable
Hilbert space H, and we may also assume that y — M, is Borel. Note that a von
Neumann algebra N is semifinite if and only if for every projection p € N, we have
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that there is a projection ¢ < p and a nonzero normal trace 7: ¢INg¢ — C. Indeed
if J ={x € qNg: 7(x*x) = 0}, then J is weak™ closed two-sided ideal in ¢Ng¢ so
is of the form zN for some z € Z(¢Ngq), and 1 — z is a finite projection under g,
and therefore under p. So fix p € M, and represent p by a strongly® Borel map
y — p(y). Let X be the set of all (y,q,¢) € Y x B(H) x B(H ) such that

(a) g € My,q <p(y), ¢is a projection

(b) (b’nyq is a positive trace, ¢(q) = 1, we claim that X is Borel. Since the
set of projections in B(H) is a Borel subset of {T' € B(H) : |T|| < 1}, and by
Proposition 3.1.2 {(y,q) : ¢ € M,} is Borel, and the proof in Proposition 3.1.2
establishes that {(y, ¢, ¢) : (b’q Myq is a trace } is Borel, it remains to establish that

{(y,9) : ¢ < p(y)} is Borel. But {(y,q) : ¢ < p(y)} is the inverse image of B(H)4
under the Borel map (y, q¢) — p(y) — ¢, so is Borel. Thus X is Borel. If m1: X — Y
is the projection onto the first coordinate, then 71 (X) D {y : M, is semifinite}
is conull and analytic, and the measurable cross section theorem says we can find
universally measurable maps

q:Y - B(H)\{0},7: Y — B(H).

such that (y,q(y), 7(y)) € B(H)« for every y € m1(X). Thus ¢ < p is a projection
in M, and if f € L'(Y, p) with f(y) > 0 for every y, then f7 is a nonzero trace on
qM q. Therefore our earlier remark implies that M is semifinite.

O

Corollary 3.2.4. Let p be a Radon measure on a second countable locally compact
Hausdorff space Y, and let M, be a measurable field of von Neumann algebras over
Y, and let M = féa M, du(y). Then M is type I1I if and only if M, is type I1I for
almost every y.

Proof. If M is not type III, then we can z € Z(M)\{0} such that zM is semifinite.
As

D
oM = /Y 2(y) My du(y)

the previous theorem implies that z(y)M, is semifinite for almost every y. Since
z # 0, we have that z(y) # 0 for a positive measure set of y, but then we can find

some y such that M, is type II1T and z(y) # 0, which is a contradiction.
Conversely, suppose M is type I11. As before, we may assume that M, is rep-
resented on a fixed separable Hilbert space H and that y — M, is Borel. Sup-
pose that it is not the case that M, is type III for almost every y. As in the
above theorem, let X be the set of all (y,p,¢) € Y x B(H) x B(H), such that
p is a projection in M,, and (b’pMyp is a positive trace and ¢(p) = 1. As in
the last theorem 71 (X) = {y : M, is not type III} is analytic, and we can find
p: m(X) — B(H) \ {0},7: m(X) — B(H). such that (y,p(y),7(y)) € X. By as-
sumption p(m1 (X)) > 0, and arguing as in the above theorem we see that we can
find a nonzero trace on pMp. This contradicts the assumption that M is type I11.
O

Theorem 3.2.5. Let i1 be a Radon measure on a second countable locally compact
Hausdorff space Y, and let My be a measurable field of von Neumann algebras over
Y, and let M = fﬁa M, du(y). Then M is type I if and only if M, is type II for
almost every y.
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Proof. Suppose first that M, is type I1 for almost every y. Let p € M be an abelian
projection. Then we have that

(&) (&)
/Y p(y)Myp(y) du(y) = pMp C (pMp)' = pM'p = /Y p(y)M'p(y) du(y).

Thus by Theorem 3.1.5 we have that p(y) Myp(y) C p(y)M'p(y) almost everywhere,
i.e. p(y) is abelian for almost every y. Since M, is type I almost everywhere, this
implies that p(y) = 0 for almost every y.

Conversely, suppose that M is type I1. As usual by working on direct summands
we may assume that M, is represented on a fixed separable Hilbert space H and
that y — M, is Borel. Let

X ={(y,p) €Y x B(H) : p € My, pis aprojection and pM,p is abelian}
we claim that X is a Borel. Since we have already seen (see Proposition 3.1.2) that
{(y;p) € Y x (B(H) \{0}) : p € My, pis projection }

it remains to show that
{(y,p) : pMyp is abelian }

is Borel. But if a,, (y) are strongly* Borel maps such that M, = Span{a,(y) :n € N }SO

for every y, then
{(y,p) : pMyp is abelian } = ({4, p) : Pan()pam (y)p = pam(y)pan (y)p}

and is Borel, since (y,p) — p, (y,p) — an(y) are Borel. If 71 is projection to the
first coordinate, then

m1(X) = {y : M, is not type II}

is analytic, and the measurable selection theorem implies that we can find p: Y —
B(H) \ {0} universally measurable such that (y,p(y)) € X for every y. Thus
Xr(x)P € M is an abelian projection, and we must have that p = 0, i.e. that
p(y) = 0 almost everywhere. Since p(y) # 0 for all y € m1(X) this is only possibly
when p(m1 (X)) = 0. Therefore M, is type II almost everywhere.

O

Theorem 3.2.6. Let M be a von Neumann algebra with seperable predual and by
Theorem 3.1.12 write
M = /Y M, dp(y)
with My, factors, and Y a second countable locally compact Hausdorff space and pi
a finite measure on Y which is nonzero on all nonempty open sets. Then
Er={y: M, is type I}
Err={y: M, is type I}
Errr={y: M, is type 111}
are measurable sets and
%I = XE;
zir = xErr

RIIT = XErrr

T
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are such that
zrM s type I

zriM is type 11
zrirM s type I11.

A similar remark applies to Err, = {y : My, is type II; }, Er = {y: My is type I1}.
In particular, every von Neumann algebra with separable predual of type I (resp.
Ioo, I, 11, III), is a direct integral of factors of type I,( resp. I, 111,11,
111).

Proof. We know that we can find some zj, 271, 2777 central projections such that
1=z +z2i1 + 2111

and
ziM, zir M, zrrr M are of types I, 11,111 respectively.

Since zj, zr1, 2177 are central they must be in fﬁa(Cd,u(y), and so must be char-
acteristic functions of sets, say Fy, Fry, Frrr. All we have to argue is that z;; =
XE;r, 2111 = XE;;; almost everywhere. By Corollary 3.2.4 and Theorem 3.2.5 we
have that for almost every y € Frrr (vesp. Frr) we have that M, is type 111 (resp.
IT). Moreover by Theorem 3.2.3 we have that for almost every y € Fr;UFT that M,
is semifinite, i.e. not of type I11, so ;L(E[[[ﬂ(F[UF[[)) =0 and ILL(F[[[\(E[[[) =0.
Thus Frrr = Eprr almost everywhere. Similarly, by Theorem 3.2.5 we have that
/L(F[ UFrrn E[[) = 0, and we already saw that ILL(F[[ \ E[[) = 0. Thus F;; = Eqg
almost everywhere, this completes the proof. O

Corollary 3.2.7. Let M be a type I von Neumann algebra with separable predual,
then

M = L®(Xo, no)@B(1*(N)) @51 L% (Xn, pn)@Mn(C),
with py a Radon probability measure on Xy which is positive on all nonempty open
sets.

Proof. Write
[S3}
M = /Y M, dp(y)

with M, factors and the usual assumptions on Y. Then E = {y : M,, is isomorphic to B(I*(N))}
is measurable by the above proposition and

7] 7]
M g/E Mydu(y) @ | M, du(y) =

L (B, ))@B((N)) © /E My dply).

Being an abelian von Neumann algebra with separable predual, we may write
L>(E,u) = L (Xo, o) with Xo, o as in the statement of the proposition. By
similar logic, it suffices to show that

{y : diim M, = n®}
is measurable for n € N. First note that if 7, is the unique tracial state on N = M,

for y € E°, then y — 7y(a(y)) is measurable for all a € f;i M, du(y). Indeed,
since N is finite by Proposition 3.2.1, it has a faithful normal tracial state. By
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Theorem 3.1.6, we may find a measurable field of faithful tracial states ¢, such
that 7 = ff,a ¢y du(y), in particular ¢, (1) > 0 almost everywhere. By uniqueness,

_ %

¢y (1)
and this establishes the measurability of 7,,. Using the elements of M (and regarding
M, = L*(M,, 7,) by finite dimensionality) as sections, we have that L?(M,,1,) is
a measurable field of Hilbert spaces over E°. By what we know about measurable
fields of Hilbert spaces,

Ty

dim L*(M,, 7)) = dim M,

is a measurable function. O

Theorem 3.2.8. Let i1 be a Radon measure on a second countable locally compact
Hausdorff space Y, and let M, be a measurable field of von Neumann algebras over

Y, and let M = fﬁa M, du(y). Then M is type I if and only if M, is type I for

almost every y.

Proof. Suppose that M, is type I1; for almost every y. Working on direct summands
as before, we may assume that M, is represented on a fixed separable Hilbert space
H for each y, and that y — M, is Borel. Let 2’ € M be a central projection, and
choose a measure zero modification z(y) such that y — z(y) is Borel and z(y) is a
projection for every y. If b, (y) are Borel fields which generate M, for every y, and
such that b, (y) = b, (y)*, then

{y:2(y) € Z(My)} = ({y : 2W)bn(y) = bu(y)2(y)}

and is thus Borel. So we may insist that z(y) € Z(M,) for every y.
X ={(y,p) € YxB(H)\{0} : p is a projection,p < z(y),p € My, pMyp is abelian }

as in the previous theorem, we have that X is Borel. If 7y is the projection onto the
first axis, then m1(X) D {y : M, is type I} is conull and analytic. The measurable
selection theorem implies we can find p: m(X) — M such that (y,p(y)) € X for
all y. Then p € M is a nonzero abelian projection under z, and thus M is type I.

Conversely, suppose M is type I. Because M is type I and with separable pred-
ual, we may assume by the previous corollary that

M = L>(Xo, p10) @My (C) €D L (X, 11n) &M, (C)
n=1
with X,, a compact metric space and u, a Borel probability measure on X,
which is positive on all nonempty open sets. If we let z, be such that z, M =
L (X, pin) @M, (C), (with M (C) = B(I?(N))), then it suffices to show that z,, M,
is type I for almost every y. Thus we may assume that

M = L®(X, 1)@ M, (C)

where X is a compact metric space and v is a Borel probability measure on X
which is positive on nonempty open sets. Write

(&)
I1®e; = / pi(y) du(y)-

Y
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Then Proposition 3.2.1 implies that for almost every y, p;(y) ~ p;(y) for all ¢, .
Also, as in the last Theorem we have that p;(y) is abelian for almost every y. Thus
for almost every y we can write

1= pi(y),pi(y) ~ p;(y) and p;(y) is abelian.

This last equation implies that
M, = p1Mp1&M,(C)

and since p; Mp; is abelian for almost every y, this last equation implies that M,

is type I for almost every y.
d

4. APPENDIX: POLISH SPACES AND MEASURABLE SELECTION

In the study of Direct Integrals, we frequently have to appeal to “measurable
selection” theorems. A typical example is that of direct integrals of representations,
if my, py are measurable fields of representations of a C*-algebra such that m, = p,
for almost every y, we would like to assert that [ m, = [¥ p,. This is indeed true
(if the C*-algebra is separable), but in order to prove one cannot arbitrarily choose
a unitary equivalence for each point, one needs to know that we can measurable
choose a unitarily equivalence at each point. Similarly if have a direct integral of
Von Neumann algebra M = fﬁa M, du(y), and two projections p,q € M such that
py is Murray-von Neumann equivalent to g, for almost every y, we would like to
assert that p is equivalent to ¢. Similar remarks apply if we know that almost every
M, has a faithful trace, or is type I, II,III, etc. In this section we develop the
necessary machinery to prove such a measurable selection theorem. This theorem
belongs more to the field of descriptive set theory than to operator algebras, so
we will have to develop some theory about Polish spaces, standard Borel spaces,
analytic sets and so on. This may seem somewhat separated from our goal of
studying direct integrals of Hilbert spaces and von Neumann algebras, but it will
get us the theorem that we need.

Definition 4.1.9. A topological space X is called a Polish space if it is separable
and there is a metric d on X, which gives the topology of X and such that (X, d)
is a complete metric space

Definition 4.1.10. A measurable space is a set X equipped with a o-algebra M.
A measurable space is said to be a standard Borel spaceif there is a Polish topology
on X such that M is the set of Borel subsets of X with respect to this topology

Definition 4.1.11. A measure space (X, M p) is called a standard measure space
if there is null set N C X and a c-algebra My on X such that (X \ N, MO’X\N)

is a standard Borel space and My C M C M. Here M, is the completion of M,
with respect to p.

One might wonder why we make this definition a Polish space, and not just
declare a Polish space to be a separable complete metric space. There are two main
reasons, one is that we do not want to think about properties that depend on the
metric in question, but will only be concerend with properties that depend upon the
topology in questions. Indeed, we are going to be mainly concerned with properties
that only depend upon the Borel sets in question. So we will primarily work with
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Borel set, Borel functions, etc. and not so much with continuous functions, open
set, closed sets and so on. The second reason, is that the notion of a Polish space
abstracts the notion of a complete metric space and this becomes important when
talking about subspaces. For example, we will show that a subset of a Polish space
is a Polish space if and only if it is a G5 set, whereas a subset of a complete metric
space is a complete metric space if and only if it is a closed set. For example, this
implies that the irrationals are a Polish space, whereas no one would claim that the
irrationals are a complete metric space.

We first prove a theorem which gives the most important examples of Polish
spaces, one which can surject onto every Polish space, and one in which every Polish
space embeds. Note that if (X,,, d,,) are metric spaces with then sois X =[], X,,
with metric

o0
1 dn(zn,yn)
21+ A(ZTny Yn)

it is a standard exercise to show that d gives the product topology and is com-
plete/separable if each (X,,,d,) is complete/separable. In particular, countable
products of Polish spaces are Polish. For later use, we also note that we can give
the disjoint union

o0

I

n=1

d((zn), (yn)) =

the metric

dy (x, .
d(z,y) = w0y € Xo
’ lotherwise

In this case [[ 2, X, is complete and separable if each (X,,dy) is. So disjoint
unions of Polish spaces are Polish spaces.

Theorem 4.1.12. Every Polish space has a homeomorphic embedding into [0, 1]N,
and is the image of a continuous map from NN,

Proof. Let X be a Polish space with compatible complete metric d. Let x, be a
dense sequence in X and define

¢: X —[0,1]"
by ¢(x) = (%) , note that ¢ is continuous, since each of its coordinates
" n=1
functions is. We claim that ¢ is injective and a homeomorphism onto is image. If
x # y in X, then sinc {z,}52, is dense, we can find an n such that d(z,,z) #
d(zn,y). Since ¥ — = is injective (if you don’t believe me, take a derivative)
we find have that (¢(x))n # (¢(y)))n, and ¢ is injective. To show that ¢ is a
homeomorphism onto its image, suppose that ¢(z(™) — ¢(y), then (¢p(z™)), —

(¢(y))x for each k, i.e.

d(wg, ™) d(zr, y)
1+ d(zg, (™) oo g +d(zk, y)
for each k. Since z — x/1 + z is a homeomorphism on [0, c0) this implies that
d(zg, ™) —, oo d(x1,y) for all k. Fix € > 0 and choose k such that d(xy,y) < ¢,
then for all n large we have d(zy, (™) < ¢ and thus d(2(™),y) < 2 by the triangle
inequality. Thus 2(™) — y and we have that ¢ is a homeomorphism onto its image.
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For the other part, we set up some notation. If o = (a1,...,ax) is a finite
sequence of positive integers we let |o| = k, and ol = (a4, .. ., a, ). For each finite
sequence o of positive integers we will construct non-empty open sets U, with
satisfy the following properties:

(i) diam(U,) = sup{d(z,y) : z,y € Uy} < ﬁ,

(i) Up = U2, Unn.

(iii)Uy = X, i.e. we requrie that | J 2, U, = X.

Set Uy = X. Suppose we have constructed U, for |o| < k satsifying (i) and
satisfying (i7) when |o| < k. For each o, and = € U, we can find a ball of radius
e(z), which we may assume to have e(z) < ﬁ such that B(z,e(x)) C U,. Since
X is a separable metric space, and is thus second countable, we have that U, is
second countable, so the cover {B(z,e(x))} of U, has a countable subcover. Thus
we can find (z,)22, such that B(z,,e(zy)) cover U,. Setting Uy, = B(zp, e(xy))
completes the inductive step.

If 0 = (a1, as,...) € NN we denote a’n = (a1,...,ay). Since (X, d) is complete

and diam(U — 0 we can define f: NY¥ — X by saying that f(o) is the unique
!,

point in

0

n

Dk

n=1

If x € X, then we can find n; € N such that z € U,,, then since x € U,, we
can find ny such that x € U,,. Continuing inductively we find o = (n1,ns,...)
with = € UU’ for all k¥ and f(o) = =, thus f is surjective. To see that f is

k
continuous, let ¢ € NN, and ¢ > 0 be given, and choose n such that 1/n < e.
Let U = {0/ € NV : a’n = a’n}, then U is open by definition of the product

topology. If ¢’ € U then since diam(UU’ ) < L and f(o), f(0') € UU’ we have

that d(f(o), f(¢’)) < 1/n <e. Thus f is cnontinuous, and the proof is cofnplete.
O

Because of this theorem, we can often reduce question about Polish spaces to
questions about NV, or [0, 1]. We next characterize when a subset of a Polish space
is Polish.

Theorem 4.1.13. A subset of a Polish space is Polish if and only if it is a Gs set.

Proof. Let X be a Polish space with compatible complete metric d. Suppose F =
U,—, Uy with U,, open in X, and U,41 C U,. Define f, : E — (0,00) by fu(z) =
m. Define ¢: E — X x (0,00)Y by ¢(x) = (z, fi(z), f2(z),...). Note that
(0, 00) is a Polish space, begin homeomorphic to R. All we have to show is that ¢ is
a homeomorphism onto its image and that ¢(E) is closed. It will then follow that E
is homeomorphic to a closed subset of a Polish space, and is thus a Polish space. It
is clear that ¢(F) is injective, and that ¢ is continuous since each of its coordinate
functions is, as ¢~ on ¢(E) is just projection onto the first coordinate restricted
to ¢(E) it follows that ¢! is continuous on ¢(E). Thus it remains to show that
#(E) is closed. Suppose ¢(z®)) — y = (y1,ta,t3,...) then ) — 51, and if we
show that y; € E, then it follows by continuity of f, that f,(z®*)) — f.(y1) so
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y = ¢(y1). So we have to show that y; € U, for each n. Fix such an n, we have that
1

_— oo tn >0
d=® vg) " ~

by assumption. As
d(xy, Ug) — d(y, Uy)

we have that d(y,US) > 0 so y € U,,. This proves that E is a Polish space.

Conversely, suppose that £ C X is Polish, and let dy be a complete compatible
metric on E. Let E, be the set of € E such that there exists an open neighborhoud
U of xz with diamg, (U N E) < 1/n, where diamg, means the diameter measured
with respect to dy. By definition E,, is a neighborhood of each of its points and is
thus open, we have that (,—_, E, 2 Y. Suppose z € ()., E,, choose an open set
U, such that U, is a neighborhood of X and diamg, (U, N E) < 1/n. Replacing
U, with ﬂ?zl U;, we may assume that U, is decreasing. Since F is dense in
F, we have that £ N U, # @ for all n. Thus U, N E are a decreasing sequence
of sets in E whose dg-diameter tends to 0, so by completeness of dy, we have
No_, U, NE = {y} withy € E. But z € (|, U, NE, so z =y € E. Thus
N>2, E, = {x}. Since each E,, is open in E we can find V,, open so that E,, = V,,NE,

n=1

setting W,,, = {x € X : d(z, F) < 1/n} we have that

E= ﬁ V,NE = ﬁ ﬁ Vo N Wi
n=1 n=1m=1
and is thus a G set. O

Corollary 4.1.14. A topological space is Polish if and only if it is homeomorphic
to a G subset of [0, 1]N.

Proof. Combine Theorems 4.1.12 and 4.1.13. ]

Definition 4.1.15. Let X be a separable metrizable topological space. A set
E C X is analytic if there exists a Polish space and a continuous f: Y — X such
that f(Y) = E. A set is coanalytic if its complement is analytic.

By taking a completion, we may as well assume that X is Polish. So we will
often assume that our analytic sets are subsets of Polish spaces. We shall later see
that an analytic set is measurable with respect to any measure on X. It turns out
that not every analytic set is Borel.

Theorem 4.1.16. Let X be a separable space. If (X, )nen are a disjoint family of
analytic sets in X, then there is a disjoint family (By)nen of Borel subsets of X
such that X,, C B,.

Proof. Note that if (A, )nen, (4], )nen are subsets of X such that for all n, m there
is a Borel By, ,, with By, C A, and B, ., N A, = &, then there is a Borel B
such that B 2 (7, 4, and BN (U _, A),) = @. Indeed, we can set B =
Un=1 (Nm=1 Bum) -

We first handle the case when (X,,) consists of two sets X7, X5 which are disjoint.
By definition of analytic and Theorem 4.1.12 we can find f: NN — X, ¢g: NN — X,
which are continuous and surjective. For a finite sequence o = (n1,...,nk) of
integers set

B, ={d' eNV: 0|, =0},
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with the notation as in Theorem 4.1.12. Then, agian using the notation in Theorem
4.1.12, we have

B, = | J Bon.
n=1
Set
Ay = f(Bo)
A:, = 9(By).

Assume the claim is false, so that there is no Borel B O X; such that BN X, = @.
Then by the first paragraph we can find ny,m; € N so that there is no Borel
B D A,, such that BN A;, = @. By the same logic we can find ny,my such
that for all Borel B O A, », we have BN A}, . # @. Inductively we construct
0,0’ € N¥ such that for all k we have that if B D AU’ then BN A’ /’ #+ &. Let

k
x = f(o) € X1, = f(0!) € Xa. Since =z # ', we can find disjoinéc open sets
V,W C X such that z € V,2’ € W. Thus f~*(V), f~}(W) are open neighborhoods
of o, 0’ respectively. This implies that we can find k such that

B SIV)B, <),

o!

But then
A, CcV,A, CW
U’k U/’k
so that AU’ ,A;/ , are seperated by V, which is contrary to our construction. Thus
k
we can find a Borel B such that X; C B and Xo N B’ = @.
By the above argument, for each n, m we can find a Borel B,,,, so that X,, C By,

and X,,, N By, = @. Define By = (,-_, and define B,, inducitvely by

o'} n—1
B, = ( m Bn,m> \ U B
m=n-+1 Jj=1

Then B, is a disjoint sequence of Borel sets such that X,, C B,,. [l

Corollary 4.1.17. If X is a separable metric space, then an analytic set is Borel
if its complement is analytic.

Proof. Suppose A, A° are analytic. Then by the above we can find disjoint Borel
sets By, By in X such that A C By, A° C Bs. Since X = A U A€ this implies that
By = A, By = A°, thus A is Borel. O

We would like to prove the converse to this corollary, but first we will need a few
lemmas.

Lemma 4.1.18. Let X be a Polish space. There is a Polish space P, with a
countable basis of open and closed sets and a bijective continuous map f: P — X.°

Proof. We do this in the following steps.
(i) If (X, )nen are disjoint Polish subsets of X, and the Lemma is true for X,
it is true for (J7, X,,. *°

9Note that we are not asserting that f is a homeomorphism.

10Here, of course U2 | Xn is not necesseraily Polish. So by “the lemma is true for [ J72 | X5 ,”
we simply mean that there is a Polish space, having a countable basis of open and closed sets
which continuously bijects onto (J;72 | Xn.
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(ii) If the Lemma is true for Polish spaces (X,,)nen then it is true for []°7, X,,.

(iii) If X is Polish and the Lemma is true for X,, C X, then it is true for (,—; X,,.

(iv) If X is Polish and the Lemma is true for X, then it is true for any open
subset of X.

(v) The Lemma is true for X = [0, 1].

Note that once (i7) — (v) have been established the lemma is proven by Theorem
4.1.12. To prove (i), let P, be a Polish space with a countable basis of open and
closed sets and ¢,: P, — X,, a continuous bijection. Set P = ]_[flo:l P, and
define ¢: P — | Jo, X,, by (;5’ P, = ¢n, then P is a Polish space having the desired

property and ¢ bijects continuously onto [J2, X,,. The proof for (i) is identical.
To prove (iii) again let P, be Polish spaces with a countable basis of open and
closed sets and let ¢,,: P, — P be a continuous bijection. Let P’ =[] _, P, and
set

P={yeP: filyr) = falya) =---}

then P is a Polish space having the desired property and ¢: P — (), X,, given
by ¢(y) = ¢1(y1) is a continuous bijection. For (iv), suppose P is a Polish space
with a countable basis of open and closed sets, and let ¢: P — X be a continuous
bijection. If U C X is open, then P’ = ¢~1(U) C P is open, hence Polish, and
being open it too has a countable basis of open and closed sets. Further ¢|,, is a
continuous bijection onto U.

Finally we establish (v). Let A be the set of irrationals in [0, 1]. Then AN (r, s)
with r < s rational, is a countable basis of open and closed sets in A. Further [0, 1]
is the union of A and the QN [0, 1] which is a countable disjoint union of one point
sets, so (i) completes the proof. O

P’

We are now ready to prove the converse of Corollary 4.1.17.

Theorem 4.1.19. Let X be a Polish space and B a Borel subset of X. Then there
is a Polish space P, with a countable basis of open and closed sets and a continuous
bijective map f: P — B. In particular a Borel set is analytic (and coanalytic).

Proof. Let F be the set of all sets E C X for which there is a Polish space with a
countable basis of open and closed sets and a continuous bijective map f: P — E,
and such that E°¢ has the same property. As in the proof of the above Lemma, we
have that if E,, € F then (2, E, is the image of a bijection from a Polish space

n=1
with a countable basis of open and closed sets. If we set B, = E, N ( Z;ll Ai)

then as in the preceeding lemma, we can find a bijection from a Polsih space onto
B,, for each n, and since B, is disjoint and

U= U,
n=1 n=1

it follows that (J)~; A, has the same property. Thus F is a o-algebra and since
every open or closed subset of X is Polish, the preceeding lemma implies that F
contains all open sets. Thus F contains all Borel set, as desired.

O

Corollary 4.1.20. If A is an analytic set in a Polish space X, and B C A is Borel
(regarding A as a topological space), then B is analytic.
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Proof. Let Y be a Polish space and f: Y — A a continuous surjective map. Then
f71(B) is a Borel subset of Y, hence by the above theorem we can find a Polish
space P and a bijective continous map ¢: P — f~1(B). Then f o ¢ is a continuous
map from P onto B. O

Lemma 4.1.21. Let X and Y be seperable metric spaces, and let f: X — Y be a
Borel map. Then the graph of f is a Borel subset of X x Y.

Proof. Let U, be a countable basis for the topology of Y. Then for y € Y,z € X we
have that y # f(z) if and only if there is some n such that y € U,, and f(z) ¢ U,.
Thus

{@y):y# f@)}) =X\ F(Un) x U
n=1
and since f is a Borel this is a Borel set in X x Y. The above set is the complement
of the graph of f, so we are done. (|

Corollary 4.1.22. Let A be an analytic set and let Y be a Polish space. If f: X —
Y is Borel, then f(X) is an analytic set in Y. If, in addition, f is injective, then
f(X) is Boerl and f is a Borel isomorphism from X to f(X).

Proof. By the above lemma, the graph of f is a Borel subset of X x Y, and since
X XY is analytic, it follows that the graph I' of f is analytic by Corollary 4.1.20. Let
ma: X XY — Y be the projection onto the second coordinate. Then m2(T") = f(X),
since 7o is continuous it follows that f(X) is analytic. Suppose now that f is
injective. If B C Y is Borel, then the above implies that f(B), f(B¢) are analytic
and since f is injective,
f(BY) = f(X)\ f(B).

Thus f(B) is a Borel subset of f(X) (regarding f(X) as a topological space) by
Corollary ??. This implies that f is a Borel isomorphism from X onto f(X). O

Corollary 4.1.23. Let X be a Polish space and let B be a Borel subset of X.
Give B the o-algebra of Borel subsets of B (using the topology of B). Then B is a
standard Borel space.

Proof. By Theorem 4.1.19 there is a Polish space P and a continuous bijective map
¢: P — B, the above corollary shows that ¢ is a Borel isomorphism, and the proof
is complete. O

Lemma 4.1.24. Let X be a Polish space with a countable basis of open and closed
sets. Then there is collection C of finite sequence of positive integers, such that
a|k €C, forallo € C and k < |o| and a continuous bijection from T = {o € NN :
a|k € C for all k} onto X.

11

Proof. Let d be a compatible complete metric on X. We construct a collection C of
finite integer sequences, such that for each o € C there is N, € NU {oc} and U, a
non-empty closed and open set in X such that:

(1) GRS C, Ug=X

(i) If o € C, then o1,...,0N, € C and U, = U}, Uy

L The attentive reader will notice that C has the structure of an infinite tree, and we are
showing that there is a continuous bijection from the set of infinite branches of this tree and X.
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(iii) diam(U, ) < |¢17|

(iviIf j #kand 1 < j,k < N, then Uy; NUsi, = @

(v) If o € C, then a’k e Cforall k < |o|.

We construct C inductively, by first construct Cj, all of its elements of length at
most k. It is clear how to construct Cy. Suppose that Cix has been constructed so
that (7), (443), (v) are satisfied for all o € Cj, and (i7), (iv) are satisfied for all o € Cy,
with |o| < k. For each o € Cj, of length k, because X has a countable basis of closed
and open sets, we can find a countable cover V,, of closed and open sets contained

in U, such that diam(V,) < k+1 For all n. Let

7—1
Wcrl = Vcrl; Wcrj = Vcrj \ (U Vcri)

i=1
then W1 are now disjoint open and closed subsets of U,, which cover U,. Set N,

to be the number of j such that Ws; is not empty. Let Us1,Us2,...,Usn; be an
ordering of the W,; when W; is not empty. Set

Ciy1 =Cr U U {Ugj}.

0€Cy,|o|=k,1<j<N,

It is easy to see that Cp4q satisfies (i) — (v). Having define Cy, for all k, set C =
Ui, Ck. Now let F' = {o € NV : 0” € C for all n}, it is clear that F' is closed By
completeness of X, we have a well-defined map ¢: F' — X by saying that

e v,
n=1 n

As in Theorem 4.1.12 we have that ¢ is continuous and surjective, and (iv) guar-
antees that ¢ is injective.
O

Theorem 4.1.25. Let X,Y be Polish spaces and B C X a Borel set. Let f: X — Y
be an injective Borel map. Then f(B) is Borel.

Proof. Replacing X by X x Y, B by the graph I' of f, and f by 7T2’F12, we may
assume that f is continuous. By Lemma 4.1.24 and Theorem 4.1.19 we may assume
that X = NY and that B is a closed set. For each finite sequence of positive integers
o we will construct a Borel subset B, of Y such that

(i) f({a’ €B: a’hgl :U}ﬂB) CB,C{oc’eB: a’hgl =o0}NB.
(ii) Bo € Bs if k < |o].

(iii) If |o| = |0’|, and o # ¢’ then B, N Byr = &

Suppose we have constructed such a collection of Borel sets. Set

C = ﬁ”L'J B,.

Then C is Borel, and we claim that f(C) = B. Let o € B, then by (i) we have that
flo) € BU’ , and so f(A) C C. Conversely, suppose y € C, because of (i) and (i44)

k
we can find o € NY such that y € BU’ for every n. Because of (i), we can find for

n

2Here 5 is projection onto the second coordinate
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eachn, a o, € {0/ € B: a”n = 0} N B such that d(op,0) < 27™. Since 0, — o
and B is closed, we have that o € B. Thus y € f(B).

To show that such a collection B, exists, let By = f(B). Suppose B, has been
defined for all |o| < k. Let o be a sequence of positive integers of length k, set

An:{TGB:T’k:U,TkJrl:n}.

Since f is injetive and continuous, the f(A,,) are pairwise disjoint analytic sets, thus
by Theorem 4.1.16 we can find disjiont Borel sets B.,, such that f(A,) C By, for
all n. Setting

Byyp = B, N ﬁ B, N ﬁ f(Ay)
n=1

n=1

to see that B, has the desired properties. (I

We are closed to the proof of our measurable selection theorem, and the measur-
ablitiy of analytic sets. Next we will show the uniqueness of uncountable standard
Borel spaces, this will be crucial in the proof of our measurable selection theorem.
But first we need a lemma.

Lemma 4.1.26. Let X,Y be standard Borel spaces and suppose that f: X —
Y,g: Y — X are Borel injections. Then there is a Borel isomorphism h: X —Y.

Proof. (From [2] Theorem 1.2.3.) If the reader has read the proof of the Cantor-
Schroder Bernstein theorem, we are just going to copy it down. If not, then read
on.

We claim that there is a Borel set £ C X such that

g X\E) =Y\ f(B).

Assuming that E exists, we can define h: X — Y by h(x) = f(z) for x € FE
and h(z) = g~ !(z) otherwise. Then Corollary 4.1.22 implies that h is a Borel
isomorphism from X to Y.

For A C X, define H(A) = X \ g(Y'\ f(X)), then A C B implies H(A) C H(B).

Further we have
H ( An> = (J H(An).
1 n=1

n=

Indeed, by what we just claim we have

H(Oo An> 2 GH(AJ

n=

o)

n=1

and on the other hand, if

then z ¢ g(Y \ f(U,—, An)), thus for each n we have that z ¢ g(Y \ f(A,)).
Define B,, inductively by By = &, and B,,+1 = H(B,). Inducitvely, we have that
B,, C B,+1, and each B,, is Borel by the proceeding Theorem. Set

E= G B,,
n=1
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then E is a Borel set, and
HE)=|JHB.)=|]B.=E
n=1 n=2

since B,, C B,t1. But H(E) = E precisely entails that

g (X\E) =Y\ f(B),
and this completes the proof.
O

Lemma 4.1.27. Let C be a collection of finite sequences of positive integers, such
that if o € C, then a’k € C for all k < |o|, and such that T = {o € NV : a’k €
C for all k}, then T is uncountable. Then we can find I € N and 01,09 € C both of
length | such that {oc € T : a’l = 0,} is uncountable for each i.

Proof. Since
T= U{UGT:Ulzn},
n=1

and T is uncountable, we can find n; such that 7y = {o¢ € T : 01 = ny} is
uncountable. If we can find n # ny such that{oc € T : 01 = n} is uncountable, we
are done. Else for all n # n; we have that {o € T : 01 =n} is countable. Because

o0

T, = U{O’GTl:O'QZTL},

n=1
we can find ny such that {o € Ty : 09 = na} is uncountable. If there is n # nsy such
that

{o €Ty:00=n}
is uncountable we are done. If not, then for all n # n;, we have that {o € Ty :
09 = ng} is countable. If the lemma is false, then we see that we can continue
inductively to find a 7 € T, such that for all &,

{oeT: U’k = T’k’ U’k+1 # T’k+1}
is countable. As

T={r}u U {UET:U’kH:a’}
keNU{0},0’€C,0’

— ! o —
k_‘r’k,o #7,|o’|=k+1

and C is countable, we see that T is countable as well. This is a contradiction.
O

Lemma 4.1.28. If X is a uncountable standard Borel space, then we can find a
Borel injection ¢: {0, 1} — X.

Proof. By Theorem 4.1.19 and Lemma 4.1.24 and Corollary 4.1.22 we may assume
that there is a collection C of finite sequences of positive integers, such that 0” L €C
forall k < |o| and o € C, such that X = {0 € NV a’k € C for all k}. We construct,
for each finite binary sequence o, a sequence 7, € C, such that

() |700] = |761| and 750 # To1-

(i) 7o0| | = 7o

(i) {r € X : 7"'7_ | = To} is uncountable.
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Set 7o = @. Suppose we have constructed 7, for |o| < k, satisfying (i) and (¢i4)
and satsisfying (i7) for |o| < k. Fix a binary sequence o of length k, and let
Co={recC: T’k = Tg’k, for all k& < min(|7], |75])}
Then C, also has the property that U’k €C, if o € Cy and
T, ={reNV: T’k €Cyforallk}={re X: T’|TU| =75},

so T, is uncountable. The above lemma implies that we can find [ € N and 7,9, 751 €
C,, both of length [, such that 7,9 # 751 and

{TGX:T’Z =75}

is uncountable for each j. Then 7,; satisfy (i)-(iii) by construction. This completes
the inductive step of the construction.
Having constructed 7, for each o, we have a well defined map

¢: {0, 1} > X

given by
#(o) ’ |~

o

=T
|1 el
k

As in Theorem 4.1.12, we see that ¢ is injective and continuous. This completes

the proof. (I

Corollary 4.1.29. Any two uncountable standard Borel spaces are Borel isomor-
phic.

Proof. By the above lemma, we see that {0, 1} Borel injects into any uncountable
standard Borel space. By Lemma 4.1.26, if we can show any standard Borel space
has a Borel injection into {0, 1} we will be done. But any standard Borel space
injects into [0, 1]N by Theorem 4.1.12. Suppose we can show that [0, 1] Borel injects
into {0, 1}, Tt will then follow that [0, 1] Borel injects into {0, 1}"*N which is
homeomorphic to {0, 1}. This will show that any standard Borel space injects into
{0,1}N. Thus, it suffices to show that [0, 1] has a Borel injection into {0, 1}. We
shall in fact show that there are Borel isomorphic.

Let D be the set of all dyadic rationals in [0, 1] and let A C {0,1}" be the set of
sequences which are eventually constant. Let ¢: {0, 1} — [0,1] \ D be given by

o0

on
¢0) =D 5

n=1
As is well known, ¢ is a homeomorphism. As A and D are countable, we have a
Borel bijection ¢¥): A — D. Then if we define f = ¢ on [0,1]\ A and ¥ on A, it is
easy to see that f is a Borel isomorphism between {0, 1} and [0, 1].

d

We can now show that every analytic set in a standard measure space is mea-
surable. We shall in fact show that this is true in a very strong sense.

Definition 4.1.30. Let (X, M) be a standard Borel space. The o-algebra of
universally measurable sets is defined to be
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N M,
u a o-finite measure on X

where ﬂ# is the completion of M with respect to p. Elements in this o-algebra are

called universally measurable. A function f: X — Y, where Y is a measurable space

is called universally measurable, if it is measurable with respect to the o-algebra of
universally measurable sets.

Theorem 4.1.31. Let X be a standard Borel space, then every analytic set in X
is universally measurable.

Proof. By the above theorem we may assume that X = [0, 1], let A be an analytic
set in [0, 1] and g a o-finite measure on X. Then we can find a measure v on [0, 1]
which is finite and has the same measure zero sets. Thus we may assume that p
is finite. Let P be a Polish space and g: P — A a continuous surjective map, by
Theorem 4.1.12, we may assume that P is a subset of [0, 1]Y. Let T' be the graph
of g in P x [0, 1], this is a closed subset of P x [0,1] and is thus a Polish space.
Let Y = [0,1]N x [0,1], then T is a subset of Y. Let 7: Y — [0, 1] be given by
7((tn)nen, ) = x, then 7(I') = A. Since T is a Polish subset of Y, it is G by
Theorem 4.1.13, so we can find (U,,) decreasing and open in Y such that

B = ﬁ Up.
n=1

Since each U, is open in Y, and Y is compact metric, for each n we can find an
increasing sequence compact sets K, ,, such that

Un = G Kn,ma
m=1

and set Koo = X. Let u* be the outer measure on [0, 1] associated to the finite
measure p, i.e.

w*(E) =inf{u(U) : U O E,Uopen}.
We shall show that
(1) w*(A) = sup{p(K) : K C A compact }.

Suppose that (1) is shown. Then we can find K,, C A compact such that u(K,) —
w*(A). Set F =J;—, K, by standard measure theory there is a G5 2 A such that
w(G) = p*(A). Thus F C A C G and p*(G\ F) =0, so A is y-measurable. So it
suffices to show that 1 holds.

Fix o < p*(A). We inductively define integers joji, ..., jn,- - - such that with

n
Co=Tn()Ki,,
i=1
we have p*(f(C,) > a. Set jo = 0, since Koo = X this clearly satisfies the con-
struction.Suppose we have constructed jo, ..., j, with this property. Then, since
C, CI' CU,41, we have

Cn — Ej Cn ﬂ Kn+1,j;

j=1
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because K, ; C K,, j11. Note that if A; are increasing sets in [0, 1], then p* (UJ Aj) =
lim; 1*(A;), indeed we can find B; G sets such that B; 2 A; and p(B;) = p*(4;).
Replacing B; with (), ; Br we may assume that By, is increasing, finally if we show
B a G set such that B D Uj Aj and pu(B) = p* (UJ Aj) and replacing B; with

B N B; we may assume that p (UJ Bj) = u* (UJ Aj) . Then

w4 = lm pu(B;) = lim 1" (A;).
i

j—o00

Applying to our current situation, we have that
1i;mu* (f(Cn N Kny1,5) =" (f(Cn)) > a

so we can find j,, such that p*(f(C, N Kp41,;) > o and this completes the inductive
step.
Now define C' = (2, C,,. Since

ﬁKnJ—n - ﬁ U,="T
n=1 n=1
we have - -
C=()Knj.NT = (] Kn;.

n=1 n=1

and C' is compact. We have that
p(f(C)) = lim (f (ﬂ Kk,jk>> > lim " (f(Cr)) 2 .
k=1

As f(C) is compact, and « is arbitrary, this verifies (1) and the proof is complete.
O

Corollary 4.1.32. Let A be an analytic set and p a o-fintie measure on A. Then
(A, p) is a standard measure space.

Proof. By assumption A is an analytic set in a Polish space X. The above Theorem
tells us we can find a Borel B C A such that u(A\ B) = 0. Since a Borel subset of
a Polish space is a standard Borel space by Corollary 4.1.23, we have that B is a
Borel space and we are done. (I

Finally we prove our measurable selection theorem.

Theorem 4.1.33. Let X and Y be analytic sets, and let f: X — Y be a surjective
Borel map. Then there is a universally measurable ¢: Y — X (in the sense that
#~1(B) is universally measurable for all B C X Borel '3) such that fo ¢ =1d.

Proof. Let T be the graph of f in X x Y, which is a Borel set in the analytic
space X x Y by Lemma 4.1.21. Thus by Theorem 4.1.12, we can find a surjective
g: NN = T let h = 75 0 g, where 75 is projection onto the second coordinate, then
h is continuous. Thus for each y € Y we have that h=1({y}) is a closed set. Let
< denote lexicographic order on NN. Note that if F C NN is closed, then F has a

13Borel for the topology of X.
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least element for < . Indeed, if we define n; to be the least first coordinate among
elements of F, and having define ni,...,ng_1 we define ny to be the smallest Eth
coordinate among o € F' such that a’k71 = (n1,...,nk—1), then since F' is closed
we have that n = (nq,ng2,...) € F. So define ¥(y) to be the smallest element in
h=1({y}) for each y € Y, and let ¢ = m; 0 go . Then f o ¢ — Id, and we only have
to show that ¢ is universally measurable. Since ¢ and 7 are continuous, it suffices
to show that v is universally measurable. A finite sequence o of positive integers,
let N, = {T e NV T’k =o}. Then if 0 = (nq,...,ny) we have

Ny={reNV:(ny, ... ,onp, 1,1,..) <7< (n1,...,np_1,npe +1,1,1,.. )}
But for any o’ € NV we have that
P {reNVir <o) =h({r e NV: 1 <0'}),
and similarly for < . Thus ¢~*(N,) is an intersection of two analytic sets and is
thus universally measurable by Theorem 4.1.31. Since N, clearly generates the
topology on NV, it generates the Borel structure of NY, and thus 1 is universally
measurable.

O
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